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Abstract 23 

  In the ensemble transform Kalman filter (ETKF), an ensemble transform matrix (ETM) is 24 

a matrix that maps background perturbations to analysis perturbations. All valid ETMs are 25 

shown to be the square roots of the analysis error covariance in ensemble space that 26 

preserve the analysis ensemble mean. ETKF chooses the positive symmetric square root 27 

Ts as its ETM, which is justified by the fact that Ts is the closest matrix to the identity I in the 28 

sense of the Frobenius norm. Besides this minimum norm property, Ts are observed to 29 

have the diagonally predominant property (DPP), i.e. the diagonal terms are at least an 30 

order of magnitude larger than the off-diagonal terms. 31 

  To explain the DPP, firstly the minimum norm property has been proved. Although ETKF 32 

relies on this property to choose its ETM, this property has never been proved in the data 33 

assimilation literature. The extension of this proof to the scalar multiple of I reveals that Ts is 34 

a sum of a diagonal matrix D and a full matrix P whose Frobenius norms are proportional, 35 

respectively, to the mean and the standard deviation of the spectrum of Ts. In general cases, 36 

these norms are not much different but the fact that the number of non-zero elements of P 37 

is the square of ensemble size while that of D is the ensemble size causes the large 38 

difference in the orders of elements of P and D. However, the DPP is only an empirical fact 39 

and not an inherently mathematical property of Ts. There exist certain spectra of Ts that 40 

break the DPP but such spectra are rarely observed in practice since their occurrences 41 

require an unrealistic situation where background errors are larger than observation errors 42 
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by at least two orders of magnitude in all modes in observation space. 43 

 44 

Keywords: ensemble transform Kalman filter, ensemble transform matrix, positive 45 

symmetric square root, minimum norm property, diagonally predominant property 46 
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1. Introduction 47 

  In the Ensemble Transform Kalman Filter (ETKF) (Bishop et al., 2001; Wang et al., 2003; 48 

Ott et al., 2004), analysis perturbations are obtained by applying a linear transformation on 49 

background perturbations. Denoting analysis and background perturbations by 𝑛 𝑘 50 

matrices 𝐗  and 𝐗 , respectively, this transformation is represented by a 51 

right-multiplication of 𝐗  with a 𝑘 𝑘 matrix 𝐓 52 

𝐗 𝐗 𝐓, (1) 53 

where 𝑛 is the size of the state vectors and 𝑘 is the ensemble size. Here each column of 54 

𝐗  represents the difference 𝐱 𝐱  between each forecast member 𝐱  and the 55 

ensemble mean 𝐱  calculated from all forecast members. A similar definition using the 56 

analysis ensemble is applied for the columns of 𝐗 . 57 

  The matrix 𝐓 is called the ensemble transform matrix (ETM) and it is formulated so that 58 

the resulting analysis error covariance 𝐏 𝐗 𝐗 / 𝑘 1  obeys the Kalman filter 59 

equation for the second moment of the posterior distribution 60 

𝐏 𝐏 𝐏 𝐇 𝐇𝐏 𝐇 𝐑 𝐇𝐏 , (2) 61 

where 𝐑 is the observation error covariance, 𝐇:ℝ → ℝ  is the observation operator 62 

which is assumed to be linear, 𝑚 is the number of observations, and 𝐏 𝐗 𝐗 / 𝑘 1  63 

is the background error covariance. Using the Sherman-Morrison-Woodbury identity, 𝐏  64 

can be rewritten as 65 

𝐏 𝐗 𝐈 𝐘 𝐑 𝟏𝐘 / 𝑘 1 𝐗 , (3) 66 
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where 𝐘 𝐇𝐗  is the background perturbations mapped into observation space. It is 67 

easy to check that any factorization 𝐒𝐒  of the matrix 𝐏 𝐈 𝐘 𝐑 𝟏𝐘 / 𝑘 1  68 

yields an ETM 𝐒. Here we call such matrix 𝐒 a square root of 𝐏  with a certain abuse of 69 

mathematical notion. 70 

Suppose that the spectral decomposition of 𝐘 𝐑 𝟏𝐘 / 𝑘 1  is given by 𝐂𝚪𝐂 , where 71 

the orthogonal matrix 𝐂 contains the eigen-vectors in its columns, and the diagonal matrix 72 

𝚪 contains the eigen-values 𝛾  on its diagonal. Since 𝐂 is orthogonal, we have 𝐈 𝐂𝐂 , 73 

and this helps to simplify 𝐏  74 

𝐏 𝐈 𝐘 𝐑 𝟏𝐘 / 𝑘 1 𝐂𝐂 𝐂𝚪𝐂 𝐂 𝐈 𝚪 𝟏𝐂 . (4) 75 

Note that since 𝛾  are nonnegative, it is legitimate to take the inverse 𝐈 𝚪 𝟏. Based on 76 

this form, Bishop et al. (2001) proposed to choose the matrix 𝐂 𝐈 𝚪 𝟏/𝟐, which is clearly 77 

a square root of 𝐏 , as the ETM to be used in practice. However, such choice introduces a 78 

bias into the analysis ensemble mean since the sum of the resulting analysis perturbations 79 

differs from zero. That means in addition to a square root of 𝐏 , an ETM has to preserve 80 

the analysis ensemble mean. Wang et al. (2003) pointed out that the positive symmetric 81 

square root 𝐓 𝐂 𝐈 𝚪 𝟏/𝟐𝐂  possesses this mean-preserving property. Living et al. 82 

(2008), and Sakov and Oke (2008) further showed that all the square roots of 𝐏  with the 83 

form 𝐓 𝐔 also have the mean-preserving property, provided that 𝐔 is any orthogonal 84 

matrix that has the vector 𝟏 1 1 ⋯ 1  as its eigen-vector. Thus, any 𝐔 can be 85 
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constructed by combining an arbitrary set of orthonormal vectors in the orthogonal 86 

complement of the vector 𝟏 with the normalized one 𝟏/√𝐾 to form its eigenvectors. 87 

Hunt et al. (2007) argued that three properties of 𝐓  justify its use as the ETM in 88 

practice: (1) 𝐓  preserves the analysis ensemble mean; (2) 𝐓  depends continuously on 89 

𝐏 ; and (3) 𝐓  is the closest matrix in the Frobenius norm to the identity matrix 𝐈 (note 90 

that the Frobenius norm of a matrix 𝐓 is defined as ‖𝐓‖ ∑ 𝑡  where 𝑡  are the 91 

elements of 𝐓). However, it is clear that the first two conditions also hold for any ETM 92 

under the form 𝐓 𝐔. Thus, the third condition is the only condition that privileges the choice 93 

of 𝐓 . Underlying this condition is a simpler condition saying that when impact of 94 

observations becomes negligible, 𝐗  should be identical to 𝐗 , or equivalently 𝐓 𝐔⟶ 𝐈 95 

when 𝚪 ⟶ 𝟎. Since 𝐓 ⟶ 𝐈 in this case, this implies 𝐔 𝐈. That means, by simply 96 

choosing 𝐔 𝐈 we maintain balance in analysis perturbations which has already been 97 

achieved in background perturbations. Any rotation 𝐔 𝐈, which is equivalent to taking 98 

linear combinations of background perturbations as analysis perturbations, will introduce 99 

certain imbalance in analysis perturbations. When impact of observations becomes 100 

significant, the best we can do is to minimize the distortion of physically coherent structures 101 

in analysis perturbations introduced by assimilation through minimizing ‖𝐓 𝐔 𝐈‖  which 102 

also leads to 𝐔 𝐈. This condition is of particular importance when local analysis is 103 

performed as in the Local Ensemble Transform Kalman Filter (LETKF) since we can have 104 

both grid points that are far from any observation and grid points that abound with 105 
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observations nearby. It is noteworthy that Reich and Cotter (2015) placed this condition 106 

under a broader view established by the optimal transport theory to construct ETMs in the 107 

Ensemble Transform Particle Filter. 108 

  As an example, Fig. 1 shows entries of three 50x50 𝐓  matrices computed at three 109 

different grid points that we obtained from an experiment with the LETKF using 110 

conventional observations and 50 ensemble members (Duc et al., 2015). A noticeable 111 

feature in this figure is the dominance of diagonal elements over off-diagonal elements 112 

(Saito et al., 2017). Reich et al. (2011) have also noticed this property of 𝐓  and utilized it 113 

in a procedure called hydrostatic balancing to reduce initial imbalance in analysis 114 

ensemble members. The entries in the jth column of an ETM can be interpreted as the 115 

weights in the construction of the jth analysis perturbation from all background 116 

perturbations by a linear combination. Therefore, the dominance of diagonal elements in 117 

𝐓  implies that the largest contribution to the jth analysis perturbation comes from the jth 118 

background perturbation. 119 

  How can we explain such an interesting property of 𝐓 , which we call the diagonally 120 

predominant property (DPP) of 𝐓 ? The first possible explanation can be traced back to 121 

Hunt et al. (2007) in their argument for choosing 𝐓  as the ETM in LETKF. Their argument 122 

implies that the DPP of 𝐓  is likely due to its similarity to the identity 𝐈. In Fig. 1c, the 123 

average value of the diagonal elements is about 0.99, which seems to verify this 124 

hypothesis. However, the corresponding values in Figs. 1a and 1b are 0.39 and 0.69, 125 
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respectively, which are far from one, and as a consequence it is difficult to see the similarity 126 

between these 𝐓  matrices to the identity 𝐈. This suggests that the distance between 𝐓  127 

and 𝐈 should be quantified, which may give us a clue to understanding these large 128 

deviations from one. 129 

  Hunt et al. (2007) did not provide any proof for this minimum norm property of 𝐓 𝐈, but 130 

referred to Ott et al. (2002, 2004) for the proof. However, Ott et al. (2004) tried to seek a 131 

left-multiplication 𝑛 𝑛 matrix 𝐙 to transform 𝐗  to 𝐗  subjected to the constraint in Eq. 132 

(2) rather than a right-multiplication matrix 𝐓 as in (1) 133 

𝐗 𝐙𝐗 . (5) 134 

The matrix 𝐙 was chosen so that the distance between 𝐗  and 𝐗  is minimized. They 135 

also showed that a right-multiplication matrix 𝐓, which was called 𝐘 in their paper, can be 136 

derived from 𝐙 so that 𝐗 𝐓 yields the same 𝐗 . However, the fact that 𝐓  is the closest 137 

ETM to the identity 𝐈 has not yet been proven. 138 

  In this paper, firstly we fill in this theoretical gap in the literature by providing a proof for 139 

the minimum norm property of 𝐓 𝐈 in Section 2. This property itself does not give much 140 

insight into the DPP. Therefore, a new mathematical view is needed to make the problem 141 

more accessible. This new mathematical treatment is presented in Section 3. Finally, 142 

Section 4 summarizes the results obtained in the paper and suggests potential applications 143 

of the DPP. 144 

 145 
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2. Minimum norm property 146 

  To prove this property, we find the ETM that minimizes the Frobenius norm of 𝐓 𝐈 147 

among all mean-preserving ETMs 𝐓, which is expected to be 𝐓 . In fact, this is a 148 

consequence of a more general result: 149 

Among all square roots 𝐒  of a symmetric positive-definite matrix 𝐌 , the positive 150 

symmetric square root 𝐒∗ is the closest matrix to the identiy 𝐈. Furthermore, the squared 151 

distance ‖𝐒∗ 𝐈‖  between 𝐒∗ and 𝐈 is given by 152 

‖𝐒∗ 𝐈‖ ∑ 𝜆 1 𝟐, (6) 153 

where 𝜆  are the positive square roots of the eigenvalues of 𝐌. The detailed proof is given 154 

in Appendix A. 155 

  Applying this result into our case with 𝐌 𝐏  and 𝐒 𝐓, 𝐓  will play the role of 𝐒∗. 156 

Since 𝐓  also has the mean-preserving property, this verifies the minimum norm property 157 

of 𝐓 𝐈. To estimate the squared distance ‖𝐓 𝐈‖  as given in (6), we need to know 158 

the spectrum of 𝐓 , which depends on the spectrum of 𝐏 . This, in turn, is determined by 159 

the spectrum of the matrix 𝐘 𝐑 𝟏𝐘 / 𝑘 1 , which we will denote by 𝐆. Therefore, (4) 160 

implies the following form of the eigen-values of 𝐓  161 

𝜆 , (7) 162 

where 𝛾  are the eigen-values of 𝐆. It is easy to verify that all 𝜆  are bounded between 163 

0,1 . 164 
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  Plugging 𝜆  in (7) into (6) ‖𝐓 𝐈‖  has the following value 165 

‖𝐓 𝐈‖ ∑ 𝜆 1 𝟐 ∑ 1
𝟐

, (8) 166 

where r is the rank of 𝐆. Noting that 𝜆 1 𝟐 1 because 0 𝜆 1 for all 𝑖, we see 167 

that ‖𝐓 𝐈‖  is at most r. In general, when the number of influence observations 𝑚 168 

which contribute to the analysis at a given grid point is less than the number of ensemble 169 

members 𝑘, 𝑟 is equal to 𝑚. Therefore, if a point is far from all observations, 𝑟 will 170 

become smaller, leading to a smaller distance ‖𝐓 𝐈‖ . This explains why we see 𝐓  in 171 

Fig. 1c is almost identical to 𝐈. However, in the region with many observations, 𝑟 attains its 172 

maximum 𝑘 1 and all 𝛾  are greater than 0, which makes all 𝜆  deviate from 1 and 𝐓  173 

is more dissimilar to 𝐈 as seen in Fig. 1a. 174 

 175 

3. Diagonally predominant property 176 

  The minimum norm property of 𝐓 𝐈 alone cannot explain why we see the DPP of 𝐓 , 177 

especially when all 𝜆  are far from 1 and as a result 𝐓  becomes more dissimilar to 𝐈. The 178 

choice of 𝐈 for comparison with 𝐓  is reasonable when influence of observations is small 179 

and we expect that the analysis perturbations are more or less similar to the background 180 

perturbations. However, when influence of observations becomes significant, we expect 181 

that observations will help to considerably reduce the uncertainty in the background 182 

perturbations considerably. In such a case, the identity 𝐈 is clearly not a good choice for 183 

comparison and we should instead use something like 𝛼𝐈 where 𝛼 is the reduction factor 184 
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resulted from assimilation of observations, i.e. 0 𝛼 1. 185 

  Therefore, we extend the minimization problem in Section 2 by adding a parameter 𝛼 186 

and find the ETM 𝐓 and the parameter 𝛼 that minimize the distance ‖𝐓 𝛼𝐈‖ . Again, 187 

we can obtain a more general result for an arbitrary symmetric positive-definite matrix: 188 

Among all square roots 𝐒  of a symmetric positive-definite matrix 𝐌 , the positive 189 

symmetric square root 𝐒∗ is the closest matrix to a scalar multiple of the identity 𝐈. The 190 

scalar multiple of 𝐈 closest to 𝐒∗ in this case is the matrix 𝛼∗𝐈 �̅�𝐈 where �̅� is the mean 191 

of the eigenvalues of 𝐒∗. Furthermore, the distance ‖𝐒∗ 𝛼∗𝐈‖  between 𝐒∗ and 𝛼∗𝐈 is 192 

given by 193 

‖𝐒∗ 𝛼∗𝐈‖ √𝑘𝜎 , (9) 194 

where 𝜎  is the standard deviation of the eigenvalues of 𝐒∗. The detailed proof is given in 195 

Appendix B. 196 

  Applied into our case where 𝐒∗  becomes 𝐓  and 𝜆  are given in (7), this result 197 

suggests that we can decompose 𝐓  into the sum of a diagonal matrix 𝐃  and a 198 

perturbation matrix 𝐏 199 

𝐓 𝐃 𝐏 �̅�𝐈 𝐏. (10) 200 

All the off-diagonal entries of 𝐓  are also the off-diagonal entries of 𝐏. While the Frobenius 201 

norm of 𝐃 is √𝑘�̅�, the Frobenius norm of 𝐏 can be derived from (9) which is √𝑘𝜎 . This 202 

enables us to estimate the typical magnitude of an element in 𝐏 as ‖𝐏‖𝟐/𝑘 𝜎 /√𝑘. To 203 

check the validity of this estimation, for each matrix 𝐓  given in Fig. 1, we plot in Fig. 2 the 204 
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histograms of the absolute values of the elements of its corresponding matrix 𝐏. It can be 205 

seen that about 90% of the elements concentrate on the 1-sigma interval around the mean. 206 

The typical magnitudes 𝜎 /√𝑘 for the entries of 𝐏 are also given in Fig. 2 as “Estimated” 207 

for comparison. These values reflect quite well the magnitudes of elements of 𝐏, which are 208 

also the off-diagonal elements of 𝐓 . On the other hand, the typical magnitude of an 209 

element along the diagonal of 𝐃 is simply �̅�. This is exactly the average value of the 210 

diagonal elements of 𝐓  since �̅� tr 𝐓 /𝑘.  211 

  To roughly estimate the difference in the orders between the diagonal and off-diagonal 212 

elements of 𝐓 , we assume that in the general case without any information about 𝐆, all 𝜆  213 

are realizations of a uniform distribution over [0,1]. By this assumption, �̅� 1/2, 𝜎214 

1/√12 and the ratio �̅�√𝑘/𝜎  for an ensemble size of 50 members is about 12. For the 𝐓  215 

in Fig. 1a which is a matrix 𝐓  associated with assimilation of dense observations, this 216 

ratio is about 16, which is not too different from the rough estimate 12. That means the 217 

diagonal elements of 𝐓  are in general an order of magnitude larger than the off-diagonal 218 

elements for an ensemble size on the order of 50. This difference in orders tends to 219 

become larger when all 𝜆  cluster around 1 like the case in Fig. 2c with the ratio of about 220 

315 when impact of observations is small. 221 

  Although we call 𝐏 as the perturbation matrix to emphasize that 𝐓  is mostly similar to 222 

the diagonal matrix 𝐃, its norm is in general not much smaller than the norm of 𝐃, i.e. 223 

√𝑘𝜎  compared to √𝑘�̅�. If we again use the assumption of the uniform distribution for 𝜆 , 224 
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the norm of 𝐃 is only √3 times larger than that of 𝐏. Recalling that the square of 225 

Frobenius norm of a matrix is the sum of squares of all the elements of this matrix, we can 226 

explain why the typical magnitudes of elements of the two matrices are quite different. 227 

Whereas this sum in case of 𝐃 only comprises 𝑘 diagonal elements, that in case of 𝐏 228 

comprises 𝑘  elements. As a result, a typical element of 𝐏 is √3𝑘 times less than a 229 

typical element of 𝐃. This ratio is equivalent to one order for a typical ensemble size 230 

𝑘 100 in practice. It is this large difference in the number of non-zero elements between 231 

𝐏 and 𝐃 that causes the large difference in the order of magnitudes between the diagonal 232 

and off-diagonal elements of 𝐓 . 233 

  It is informative to discuss in what condition or situation the DPP may cease to hold. In 234 

this paragraph we aim to show that such a situation rarely happens in practice. The quantity 235 

�̅�√𝑘/𝜎 , which characterizes the difference in the orders between the diagonal and 236 

off-diagonal elements of 𝐓 , depends not only on 𝑘 but also on the ratio �̅�/𝜎 . Thus, it is 237 

anticipated that the diagonal predominance will no longer be observed if this ratio is of the 238 

same or smaller order than 1/√𝑘. This can happen if �̅�/𝜎 1/√𝑘, which is equivalent to 239 

𝜆 𝑘 1 �̅� . The fact that 𝜆  are bounded between 0 and 1 implies 𝜆 �̅�. Therefore, 240 

the inequality �̅� 𝑘 1 �̅�  is the necessary condition so that the DPP ceases to hold. It is 241 

easy to check that this inequality gives an upper bound 1/ 𝑘 1  for �̅�. Therefore, in 242 

order for diagonal and off-diagonal elements of 𝐓  to be of comparable order, for a typical 243 

ensemble size 𝑘 100, �̅� must be less than 10-2, which is equivalent to the lower bound 244 
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104 of 𝛾 . In other words, background errors must be 100 times greater than observation 245 

errors almost at all modes, which cannot be met in practice. 246 

 247 

4. Summary and conclusion 248 

  In this study we have developed a mathematical framework to explain the DPP observed 249 

in the positive symmetric ETM 𝐓  used in ETKF. This property has a close connection with 250 

the minimum norm property of this matrix which states that 𝐓  is the closest matrix in the 251 

Frobenius norm to the identity 𝐈 among all potential ETMs. There exist many valid ETMs 252 

that can yield the same analysis error covariance without altering the analysis ensemble 253 

mean. ETKF relies on the minimum norm property of 𝐓  to justify its choice of this matrix 254 

as the ETM in its formulation. This property has been stated but has never been proved in 255 

the data assimilation literature. 256 

  Therefore, our first step in understanding why the diagonal terms dominate over the 257 

off-diagonal terms in 𝐓  is to prove the minimum norm property since this proof can 258 

provide an important guide in the subsequent mathematical argument. We have found that 259 

this property follows from an important theorem on square roots 𝐒  of a symmetric 260 

positive-definite matrix 𝐌: Among all square roots of 𝐌, the positive symmetric square root 261 

𝐒∗ is the closest matrix to the identity 𝐈. This theorem suggests that instead of 𝐈, we can 262 

further compare 𝐒 with a scalar multiple of 𝐈. This leads to another important theorem: 263 

Among all square roots of 𝐌, 𝐒∗ is the closest matrix to a scalar multiple of 𝐈 and the 264 
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scalar multiple of 𝐈  closest to 𝐒∗  in this case is �̅�𝐈  where �̅�  is the average of the 265 

eigenvalues of 𝐒∗. 266 

  It is the second theorem that gives an explanation for the DPP of 𝐓 . The matrix 𝐓  can 267 

be decomposed into a sum of a diagonal matrix 𝐃 and a perturbation matrix 𝐏 which is a 268 

full matrix whose off-diagonal elements are identical to those of 𝐓 . While the Frobenius 269 

norm of 𝐃 is √𝑘�̅�, the Frobenius norm of 𝐏 is √𝑘𝜎 . Thus, the two norms are associated 270 

with the first two moments of the spectrum of 𝐓 . Although the norm of 𝐏 is in general not 271 

much smaller than that of 𝐃, the fact that the number of non-zero elements of 𝐏 is 272 

proportional to the square of ensemble size causes its elements to be much smaller than 273 

the elements of 𝐃 whose number of non-zero elements is only the ensemble size. This 274 

explains why the diagonal elements of 𝐓  dominate over its off-diagonal elements. 275 

  It must be emphasized that the DPP is not an inherently mathematical property of 𝐓 . 276 

There exist certain distributions of 𝜆  that break the DPP such as when all 𝜆  cluster 277 

around zero. However, realizations of such distributions rarely occur in practice since their 278 

occurrences require very large differences in orders between background errors and 279 

observation errors at all scales. Thus, it is almost certain that we do not observe the ETMs 280 

that do not possess the DPP in practice. 281 

  A natural question is how we utilize this DPP in practice? The hydrostatic balancing 282 

procedure in Reich et al. (2011) is an example of its application. This property is a 283 

consequence of the fact that a mean-preserving ETM derived from 𝐏  most resembles a 284 
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scalar multiple of 𝐈 when it is 𝐓 , and the corresponding diagonal matrix is �̅�𝐈. This 285 

suggests that we can use the best approximation �̅�𝐈 as a replacement for 𝐓  in ETKF. In 286 

fact, the diagonal ETM �̅�𝐈 can be shown to be a special case of what we call Diagonal 287 

Ensemble Transform Kalman Filter (Duc et al., 2019). 288 

  The diagonal approximation, when applied to ensemble forecasting, is equivalent to an 289 

ensemble generation method that combines two aspects of ETKF and the breeding method 290 

(Toth and Kalnay, 1993). In this method, we rescale all forecast perturbations by the same 291 

factor �̅� at the end of each breeding cycle. Compared to the original breeding method 292 

proposed in Toth and Kalnay (1997) where the rescaling factors are derived from 293 

climatological statistics, our proposed method is appealing in that it can adaptively 294 

incorporate EKTF-induced information on the posterior error variances that reflects both the 295 

flow-dependent forecast errors and the observation network. The advantage of the 296 

proposed method, in comparison to the ensemble generation by ETKF, is presumably 297 

better dynamical balance that should be achieved by not mixing up different perturbations.  298 

We note, however, that precisely for the same reason, it will also be more prone to 299 

converge all perturbations into a single fastest growing mode, losing the EKTF’s merit of 300 

avoiding such a convergence (Wang and Bishop, 2003). We postulate that issue would be 301 

less problematic in applications like regional ensemble prediction systems where lateral 302 

boundary perturbations are fed into ensemble members in different directions during the 303 

course of integration as demonstrated in Saito et al. (2012). We will test this potential 304 
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application of �̅�𝐈 as an ETKF-based ensemble generation method in our next study. 305 
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 313 

Appendix 314 

A. The minimum point of the distance ‖𝐒 𝐈‖  where 𝐒  is a square root of a 315 

symmetric positive-definite matrix 𝐌 316 

  Let 𝐌  be a kxk symmetric positive-definite matrix, we use the singular value 317 

decomposition (SVD) of its any square root 𝐒 𝐔𝚲𝐕  to find the conditions that impose 318 

on this form. Since this matrix is a square root of 𝐌 we have 319 

𝐒𝐒 𝐔𝚲𝟐𝐔 𝐌. (A1) 320 

This equation shows that all vectors 𝐮  must form an eigen-basis of 𝐌, and the squares of 321 

all scalars 𝜆  have to be the eigen-values of 𝐌. Thus, any eigen-decomposition of 𝐌 322 

yields the left singular vectors and the singular values of 𝐒, and the right-singular vectors 323 

𝐯  can be chosen arbitrarily from any orthonormal basis. 324 
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  Given this general form of 𝐒, we will find 𝐒* that minimizes the squared Frobenius norm 325 

of 𝐒 𝐈. From the definition of the Frobenius norm of a matrix, we have 326 

‖𝐒 𝐈‖ tr 𝐔𝚲𝐕 𝐈 𝐔𝚲𝐕 𝐈 tr 𝐔𝚲𝟐𝐔 tr 𝐔𝚲𝐕 tr 𝐕𝚲𝐔 tr 𝐈 ,327 

 (A2) 328 

where the symbol tr stands for the trace operator. Since 𝐔𝚲𝟐𝐔 𝐌 and the trace is 329 

invariant under the transpose, this can be simplified as 330 

‖𝐒 𝐈‖ tr 𝐌 tr 𝐈 2tr 𝐔𝚲𝐕 . (A3) 331 

Therefore, ‖𝐒 𝐈‖  will attain its minimum when tr 𝐔𝚲𝐕  attains its maximum. 332 

  Applying the cyclic property of the trace operator we obtain the value of tr 𝐔𝚲𝐕  333 

tr 𝐔𝚲𝐕 tr 𝚲𝐕 𝐔 ∑ 𝜆 𝐮 , 𝐯 , (A4) 334 

where the symbol <> denotes the inner product. Then it is easy to see that 335 

∑ 𝜆 𝐮 , 𝐯     ∑ 𝜆 . (A5) 336 

Since all 𝜆  are constant which are determined by the spectrum of 𝐌 , this implies 337 

tr 𝐔𝚲𝐕  attains its maximum when 𝐮 , 𝐯 1 or equivalently 𝐮 𝐯 . In other word, 338 

‖𝐒 𝐈‖  attains its minimum when 𝐒 𝐔𝚲𝐔 , which is the positive symmetric square root 339 

of 𝐌. Now it is straightforward to calculate the squared distance ‖𝐒∗ 𝐈‖  340 

‖𝐒∗ 𝐈‖ tr 𝐌 tr 𝐈 2∑ 𝜆 ∑ 𝜆 2∑ 𝜆 𝑘 ∑ 𝜆 1 𝟐. (A6) 341 

Note that we have used the fact that tr 𝐌 ∑ 𝜆  to obtain this equation. 342 

 343 
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B. The minimum point of the distance ‖𝐒 𝛼𝐈‖  where 𝐒 is a square root of a 344 

symmetric positive-definite matrix 𝐌 and 𝛼 is a scalar variable 345 

  The minimization problem here is an extension of the minimization problem in Appendix 346 

A. Now instead of the squared distance ‖𝐒 𝐈‖  we minimize the squared distance 347 

‖𝐒 𝛼𝐈‖  where we augment the minimization space by introducing a new variable 𝛼 in 348 

addition to the matrix 𝐒. Using the same mathematical notions and operations as in 349 

Appendix A, this squared distance can be represented as 350 

‖𝐒 𝛼𝐈‖ tr 𝐌 2𝛼tr 𝐔𝚲𝐕 𝛼 tr 𝐈 ∑ 𝜆 2𝛼∑ 𝜆 𝐮 , 𝐯 𝛼 𝑘. (B1) 351 

Dividing this distance by k and denoting 𝜆 ∑ 𝜆 /𝑘, 𝛽 ∑ 𝜆 𝐮 , 𝐯 /𝑘 we obtain a 352 

function of two variables 353 

𝑑 𝛼,𝛽 ‖𝐒 𝛽𝐈‖ /𝑘 𝛼 2𝛼𝛽 𝜆 , (B2) 354 

where 𝛽 is bounded between �̅�, �̅� . The bounded interval of 𝛽 can be verified from the 355 

following inequality  356 

|𝛽| ∑ 𝐮 ,𝐯    
∑ | 𝐮 ,𝐯 |

 
∑

 �̅�. (B3) 357 

Note that the equality occurs in two cases when 𝐮 𝐯  or 𝐮 𝐯  for all i. In other word, 358 

𝛽  �̅� if 𝐒 is the positive symmetric square root of 𝐌 and 𝛽  �̅� if 𝐒 is the negative 359 

symmetric square root of 𝐌. 360 

  The critical point of the function 𝑑 𝛼,𝛽  is 𝛼,𝛽 0,0  and this is a saddle point. That 361 

means 𝑑 𝛼,𝛽  can only attain its minimum on the boundary of its domain. When 𝛽 is 362 

fixed, 𝑑 𝛼,𝛽  is a quadratic function and attains its minimum when 𝛼 is equal to this fixed 363 
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value. Therefore, 𝑑 𝛼,𝛽  has two minimum points �̅�, �̅�  and �̅�, �̅� . It is easy to 364 

understand why we see two minimum points here since the function 𝑑 𝛼,𝛽  is symmetric 365 

with respect to 𝛼,𝛽 : 𝑑 𝛼, 𝛽 𝑑 𝛼,𝛽 . Thus, we only need to consider the positive 366 

minimum point in this case and this point yields the minimum point 𝐒∗,𝛼∗ 𝐔𝚲𝐔 , �̅�  of 367 

the squared distance ‖𝐒 𝛼𝐈‖ . Again, like the minimization problem in Appendix A, we 368 

obtain the positive symmetric square root of 𝐌 at the minimum point. Thus, we have found 369 

that 𝐒 resembles a scalar multiple of 𝐈 most when it is the positive symmetric square root, 370 

and the scalar multiple of 𝐈 in this case is �̅�𝐈. The minimum squared distance ‖𝐒∗ 𝛼∗𝐈‖  371 

is easy to estimate now 372 

‖𝐒∗ 𝛼∗𝐈‖ 𝑘𝑑 �̅�, �̅� 𝑘 𝜆 �̅� 𝑘 𝜆 �̅� 𝑘𝜎 , (B4) 373 

where 𝜎  is the standard deviation of the spectrum of 𝐒∗. 374 

 375 
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List of Figures 421 

Figure 1: Entries of 50x50 𝐓  matrices at different grid points obtained from an LETKF 422 

experiment with conventional observations. While the grid point in the panel (a) is in the 423 

region with dense observations, the grid point in the panel (c) is far from observations. The 424 

grid point in the panel (b) is between those in the panels (a) and (c). From left to right, the 425 

average values of the diagonal elements are 0.39, 0.69, and 0.99. 426 

Figure 2: Histograms of elements of the perturbation matrices P corresponding to the ETMs 427 

𝐓  in Fig. 1. Statistics are derived from the absolute values of all elements. To have a fair 428 

comparison, these values are normalized using their means and standard deviations. The 429 

histograms are constructed for nine bins with the same width set to the standard deviation 430 

in each case. The typical magnitudes 𝜎 /√𝑘 of the entries of 𝐏 as suggested by the 431 

theory are denoted by “Estimated”. 432 
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 440 

Figure 2: Histograms of elements of the perturbation matrices 𝐏 corresponding to the 441 

ETMs 𝐓  in Fig. 1. Statistics are derived from the absolute values of all elements. To have 442 

a fair comparison, these values are normalized using their means and standard deviations. 443 

The histograms are constructed for nine bins with the same width set to the standard 444 

deviation in each case. The typical magnitudes 𝜎 /√𝑘 of the entries of 𝐏 as suggested by 445 

the theory are denoted by “Estimated”. 446 
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