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Abstract11

We analytically solve a forced linear problem of vortex Rossby waves (VRWs)12

associated with vortex resiliency of tropical cyclones. We consider VRWs13

on a basic barotropic axisymmetric vortex. The VRWs, which are initially14

absent, are successively forced by a vertically sheared unidirectional environ-15

mental flow. The problem is formulated in the quasigeostrophic equations,16

linearized about the basic vortex. The basic potential vorticity (PV) is as-17

sumed to be piecewise constant in the radial direction so that the problem18

can be analytically solved. The obtained solutions show the following.19

When the vertical interaction (VI) between the VRWs is weak, a station-20

ary mode (called the pseudo mode) is selectively forced and grows linearly21

in time, and the vortex is eventually destroyed by the environmental verti-22

cal shear. When the VI is moderate, an almost form-preserving quasi-mode23

(simply called the quasi mode) of the VRWs appears and precesses about24

a downshear-left tilt equilibrium (DSLTE). The precession is not growing25

and the vortex maintains the vertical coherence. In particular, in the pres-26

ence of the inward radial gradient of the basic PV at the critical radius, the27

precession damps and the quasi mode eventually approaches the DSLTE.28

When the VI is strong, the VRWs are simply advected by the basic angu-29

lar velocity at each radius to be axisymmetrized to some extent about the30

DSLTE, and the vortex maintains the vertical coherence.31
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In order to examine the diabatic effect near the eyewall, the solution with32

the basic buoyancy frequency being small in the central region and large in33

the outer region is also obtained. The small and large buoyancy frequencies34

imply the strong and weak VIs, respectively. The central VRWs are simply35

advected by the basic vortex flow. While, the outer VRWs precess about36

the DSLTE just like a quasi mode, and the vortex maintains the vertical37

coherence.38
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1. Introduction41

In midlatitudes, tropical cyclones (TCs) are exposed to the strong envi-42

ronmental vertical wind shear. If TCs are simply differentially advected by43

the environmental flow at each level, they are tilted, vertically torn apart,44

and sooner or later destroyed. Contrary to the naive conjecture, TCs main-45

tain the vertical coherence in the relatively strong vertical wind shear. The46

ability of TCs to resist the vertical wind shear and recover the vertical47

alignment is called the vortex resilience. The vortex resilience is supposed48

to be caused by diabatic heating in and near the eyewall and the accompa-49

nying vertical circulation. However, several recent investigations show that50

adiabtic conservative processes are also important for the vortex resilience.51

Jones (1995) examined the temporal evolution of a TC-like vortex with-52

out diabatic processes successively exposed to a vertically sheared environ-53

mental flow. The vortex is tilted by the shear. The tilt means the displace-54

ment of the upper and lower potential vorticity (PV) centers. The cyclonic55

horizontal circulation around the upper PV center cyclonically advects the56

lower PV, and that around the lower PV center cyclonically advects the57

upper PV. As a result, the tilted vortex cyclonically precesses. The pre-58

3



cession is not upright but about a downshear-left tilt equilibrium. This is59

because the downshear advection by the environmental flow and the up-60

shear advection by the displaced upper and lower PVs are balanced in the61

downshear-left tilt equilibrium state. By the precession, the vortex resists62

the successive forcing by the vertical wind shear and maintains a vertical63

coherence.64

Reasor and Montgomery (2001) reconsidered the precession mechanism65

of Jones (1995) in terms of vortex Rossby waves (VRWs) on a basic axisym-66

metric vortex. The basic vortex is initially exposed to a vertically sheared67

environmental flow, and tilted by the shear. The tilted vortex is regarded68

as a superposition of the basic vortex and VRWs with the first baroclinic69

vertical structure and the wave number one azimuthal structure. Because70

of the inward radial gradient of the basic PV, the VRWs propagate (here71

and hereafter, the propagation is relative to the fluid) retrograde. However,72

because of the dominant cyclonic advection by the basic vortex flow, the73

VRWs move cyclonically. Together with the first baroclinic vertical struc-74

ture and wave number one azimuthal structure, the cyclonic movement of75

the VRWs means the cyclonic precession of the vortex. The precession is76

upright instead of about the downshear-left tilt equilibrium. This is be-77

cause the vortex is exposed to the vertically sheared environmental flow78

only initially instead of persistently.79
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Reasor and Montgomery (2001) further examined the dependence of the80

behavior of the VRWs on the internal Rossby deformation radius lR. When81

lR is larger than the horizontal scale l of the tilted vortex, a quasi mode of82

the VRWs appears. The quasi mode behaves just like a true form-preserving83

mode of the VRWs with a constant angular phase velocity, and represents84

the cyclonic precession. On the other hand, when lR is smaller than l,85

the quasi mode disappears and the VRWs are essentially advected by the86

basic vortex flow at each radius, and eventually spirally wound up by the87

differential rotation. As a result, the vortex recovers the upright vertical88

alignment.89

Schecter et al. (2002) presented a damping mechanism of the quasi90

mode by the critical radius damping. The critical radius is the radius where91

the angular velocity of the basic vortex flow is equal to the angular phase92

velocity of the quasi mode, and is usually located at the outer region for dry93

dynamics. Because of the same angular velocity, the quasi mode resonantly94

interacts with the VRW at the critical radius. By the resonant interaction,95

the quasi mode damps accompanied with the growth of the VRW at the96

critical radius. As the quasi mode damps, the vortex recovers the upright97

vertical alignment.98

Reasor et al. (2004) considered a quasi mode successively forced by a99

vertically sheared environmental flow, instead of the quasi mode with the100
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upright precession of Reasor and Montgomery (2001) and Schecter (2002)101

which is only initially forced by the vertically sheared environmental flow.102

Reasor et al. (2004) presented a damping mechanism of the quasi mode,103

which precesses about the downshear-left tilt equilibrium, by the critical104

radius damping. The damping quasi mode approaches the downshear-left105

tilt equilibrium. The damping of quasi mode implies that the vortex re-106

sists the succesive environmental forcing and that it maintains the vertical107

coherence.108

Wong and Chan (2004) investigated the behavior of a TC-like vortex109

with diabatic processes, and showed the following. Although the adiabatic110

mechanism (that is, the precession) also works in the moist case, the diabatic111

heating and the accompanying vertical circulation also contribute to the112

vortex resiliency.113

Schecter and Montgomery (2007) derived a system of equations govern-114

ing disturbances on a vortex with condensational heating and evaporative115

cooling, but without precipitation. In the system, the diabatic effect is rep-116

resented as the reduction of the buoyancy frequency. They used this system117

to examine the moist VRW dynamics, and showed, for example, that the118

growth rate of phase-locked counter-propagating VRWs in the eyewall is119

diminished by clouds.120

Reasor and Montgomery (2015), based on the system of Schecter and121
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Montgomery (2007), examined the behavior of moist VRWs successively122

forced by a vertically sheared environmental flow. In the central region,123

where the moist buoyancy frequency vanishes, the moist VRWs are simply124

advected by the basic vortex flow and spirally wound up by the differential125

rotation. However, the VRWs in the outer region are shown to behave just126

like the quasi mode, which precesses about the downshear-left tilt equilib-127

rium.128

Schecter (2015) compared experiments with and without secondary ver-129

tical circulation, which accompanies diabatic heating, and showed the fol-130

lowing. As a whole, the diabatic effects are well accounted for by the reduc-131

tion of the buoyancy frequency. However, the secondary vertical circulation132

has also a discernible influence on the vortex resiliency at least in the eye-133

wall region (e.g., convective momentum transport, pathway for dry air to134

enter the vortex core, etc).135

The above-mentioned theories were obtained mainly by the numerical136

experiments primarily because of large Rossby number vortices. In this137

paper, we analytically formulate the problem in the quasigeostrophic (QG)138

system, and obtain the analytical solutions of the VRWs associated with the139

vortex resiliency, and confirm the theories. Of course, the QG equations140

cannot be applied to large Rossby number vortices like TCs. However,141

based on the similarity between the QG and the asymmetric balance (AB)142
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equations (Shapiro and Montgomery 1993) which can be applied to those143

vortices, we think that the QG solutions are not so far from the reality.144

Specifically speaking, we consider VRWs on a barotropic axisymmetric basic145

vortex, which are successively forced by a vertically sheared environmental146

flow. In order to obtain closed form solutions, we further assume that147

the basic vorticity is radially piecewise constant. We analytically solve the148

forced linear problem, in the absence of initial VRWs.149

The organization of this paper is as follows. In section 2, the governing150

equation is derived and the analytical solution is presented. In section 3,151

the dependence of the solution on the strength of the vertical interaction152

of VRWs is considered. In section 4, the diabatic effect is considered. In153

section 5, concluding remarks are given.154

2. Governing equation and solution155

In this section, we derive the governing equation, and present the closed156

form analytical solution.157

2.1 Quasigeostrophic and asymmetric balance (AB) equations158

We consider disturbances on a barotropic axisymmetric basic vortex. It159

is well known that disturbances on a TC-like vortex are well described by160

the AB equations of Shapiro and Montgomery (1993). These are expressed161
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in the cylindrical coordinate system (r, θ, z) whose origin is set at the vortex162

center and azimuthal angle is measured from the x(eastward)-axis as follows.163

(
∂

∂t
+ ω

∂

∂θ

)
q′AB − ξ

q

1

r

dq

dr

∂ψ′

∂θ
= F,

q′AB =

(
qξ

r

∂

∂r

r

qξ

∂

∂r
+

1

r2
∂2

∂θ2
+
qξ

N2

∂2

∂z2

)
ψ′. (1)

Here z is the pseudoheight of Hoskins and Bretherton (1972), t is the time.164

The overbarred quantities are of the basic vortex, and also represent the165

azimuthal average of basic vortex flow at radius r, that is, ω is the basic an-166

gular velocity, q is the basic PV (i.e.,the basic absolute vorticity), ξ = f+2ω167

is the inertia parameter, and f is the Coriolis parameter which is assumed to168

be constant. Equations (1) are obtained from (3.10) in Shapiro and Mont-169

gomery (1993) by neglecting the terms including ∂v̄/∂z. Further we assume170

that f is positive because we consider vortices in the northern hemisphere.171

The primed variables are of the disturbance, that is, q′AB is the disturbance172

PV of the AB system, ψ′ = ϕ′/f , ϕ′ is the disturbance geopotential. N is173

the basic buoyancy frequency, and F represents the external forcing. Be-174

cause of the r dependence of the coefficients of (1), we cannot obtain the175

closed form solution of (1) analytically although some analytical investiga-176

tions exist, e.g., Schecter and Montgomery (2003). In order to obtain the177

analytical closed form solution, we consider the quasigeostrophic equations178

(5). Of course, the QG equations cannot be applied to TC-like vortices with179
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large Rossby number v̄/(rf). However, the first equation of (1) is similar180

to the first equation of (5), although the generation of disturbance vorticity181

by the radial advection of q̄ is underestimated because ξ̄/q̄ > 1 for a mono-182

tonically decreasing q̄. We replace the last term (representing the vertical183

interaction) of the second equation of (5) by the last term of (1). Then,184

the Green function (representing the interaction between perturbations) for185

the second equation of (1) is expected to be similar to the Green function186

for the second equation of (5), although the horizontal interaction between187

perturbations seems to be overestimated in the central region (see Appendix188

B). These two effects (underestimation and overestimation in QG analogue189

system) seem to mitigate each other to some extent. Based on the similarity190

between (1) and (5), we believe that the solution to (5) is not so far from191

the reality.192

2.2 Basic assumptions and equations193

We begin with the adiabatic and frictionless quasigeostrophic PV equa-194

tions.195

(
∂

∂t
+ u

∂

∂r
+
v

r

∂

∂θ

)
q = 0,

q =

(
1

r

∂

∂r
r
∂

∂r
+

1

r2
∂2

∂θ2
+
f 2

N2

∂2

∂z2

)
ψ + f, (2)

where u = −(1/r)∂ψ/∂θ and v = ∂ψ/∂r are the radial and azimuthal196
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components of geostrophic velocity, respectively, ψ is the stream function,197

q is the quasigeostrophic PV. We consider a barotropic axisymmetric basic198

vortex whose PV q is monotonically decreasing with radius in order to199

remove the barotropic instability, for example, eyewall region instability200

(e.g, Schubert et al. 1999) and outer region instability (e.g., Itano and201

Ishikawa 2002).202

u = 0, v = v(r) > 0, q =
1

r

d

dr
(rv) + f,

dq

dr
< 0. (3)

The disturbances, which are absent intitially, are assumed to be successively203

forced by a horizonally uniform and vertically sheared environmental zonal204

flow.205

Ue = Ue(z) = −U0 cos
πz

H
. (4)

Here U0 is a positive constant. In order to obtain a closed form analytical206

solution, the fluid is assumed to be confined between two horizontal rigid207

boundaries on z = 0 (ground) and z = H (tropopause), although the rigid208

boundary assumption may be allowed only for infinitesimal perturbations.209

The environmental flow, which is regarded as a perturbation on the basic210

vortex, is westward on z = 0 and eastward on z = H. Linearized about the211

basic vortex in (3), the PV equation in (2) become212 (
∂

∂t
+ ω

∂

∂θ

)
(q′ + qe)−

1

r

dq

dr

∂

∂θ
(ψ′ + ψe) = 0,

where ω = v/r is the basic angular velocity, and qe and ψe are respectively213
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the environmental PV and stream function. Substituting (4) into the above214

equation gives215

(
∂

∂t
+ ω

∂

∂θ

)
q′ − 1

r

dq

dr

∂ψ′

∂θ
= U0

dq

dr
cos θ cos

πz

H
,

q′ =

(
1

r

∂

∂r
r
∂

∂r
+

1

r2
∂2

∂θ2
+
f 2

N2

∂2

∂z2

)
ψ′. (5)

In deriving the first equation of (5), we neglect a term −ω∂qe/∂θ associated216

with the environmental PV qe of the environmental flow (4) relative to217

U0(dq/dr) cos θ cos(πz/H). The reason for the neglect is as follows. Since218

−ω∂qe
∂θ

= −ω f
2

N2

∂

∂θ

∂2ψe

∂z2
= ω

f 2

N2

∂

∂θ

∂2

∂z2
{Ue(z)r sin θ} = −v

(
fπ

NH

)2

U0 cos θ cos
πz

H
,

where the first equality comes from the fact the environmental flow is a219

horizontally uniform zonal flow, the ratio becomes220 ∣∣∣∣−ω∂qe∂θ
∣∣∣∣/ ∣∣∣∣U0

dq

dr
cos θ cos

πz

H

∣∣∣∣ = ( fπ

NH

)2

v
/∣∣∣∣dqdr

∣∣∣∣ .
This is less than one for a TC-like vortex whose horizontal vortex scale221

L ≈ 105 m (e.g., twice the scale of the radius of maximum wind), that222

is, (fπ/NH)2v̄/|dq̄/dr| ≈ 10−11/L−2 < 1. Here we assume f ≈ 10−4 s−1,223

N ≈ 10−2 s−1, and H ≈ 104 m. The neglected term −ω̄∂qe/∂θ represents224

the vorticity generation by the azimuthal advection of the environmental225

qe. The azimuthal advection is caused by the vortex flow. So, this term226

generates so-called the β gyres. The influence of the β gyres is also neglected227

in some papers (e.g., Reasor, Montgomery, and Grasso 2004, Reasor and228
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Montgomery 2015) by similar scale analyses. In order to analytically solve229

(5), the basic PV is assumed to be piecewise constant in the radial direction230

(see Fig. 1).231

q =
N∑

j=1

qjh(rj − r) + f with qj > 0 and 0 < r1 < r2 < · · · < rN <∞,

(6)

where h(x) is the step function, that is, h(x) = 0 for x < 0 and h(x) = 1232

for x ≥ 0.233

234

235

236 Fig. 1

From (6), the radial derivative of q is given in terms of Dirac’s delta function.237

dq

dr
= −

N∑
j=1

qjδ(r − rj). (7)

From (6) and the relation between q and ω, that is, q = (1/r)(d/dr)(r2ω)+f ,238

the basic angular velocity ω is determined (see Fig. 2).239

ω =
1

2

N∑
j=J+1

qj +
1

2

J∑
j=1

qj

(rj
r

)2
for rJ ≤ r < rJ+1, (8)

where J = 0, 1, 2, · · · , N , and r0 = 0 and rN+1 = ∞.240

241

242
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243 Fig. 2

Because of the horizontal rigid boundaries on z = 0 and z = H, the vertical244

velocity vanishes there. This implies that the disturbance potential temper-245

ature vanishes there. As a result, the disturbance stream function ψ′ must246

satisfies247
∂ψ′

∂z
= 0 on z = 0 and z = H. (9)

This is consistent with the assumption of the barotropic basic vortex in248

(3), and with the assumption of the sheared environmental flow Ue(z) in249

(4), whose vertical derivative vanishes on z = 0 and z = H. As for the250

radial boundary condition, the disturbance must be finite at the origin and251

is naturally assumed to vanish at infinity.252

ψ′ <∞ at r = 0 and ψ′ → 0 as r → ∞. (10)

2.3 Governing equation253

Since the forcing term, that is, the RHS of the first equation of (5), is254

proportional to cos θ cos(πz/H), the disturbance ψ′ and q′ have the vertical255

structure proportional to cos(πz/H) and the azimuthal structure with wave256

number one under the null initial condition, and can be written as follows.257

ψ′(t, r, θ, z) =
∑
±

ψ̂±(t, r)
e±iθ

√
2π

cos
πz

H
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and q′(t, r, θ, z) =
∑
±

q̂±(t, r)
e±iθ

√
2π

cos
πz

H
. (11)

By the substitution of (11), equations (5) become258

(
∂

∂t
± iω

)
q̂± ∓ i

r

dq

dr
ψ̂± = U0

√
π

2

dq

dr
,

q̂± =

(
1

r

∂

∂r
r
∂

∂r
− 1

r2
− 1

l2R

)
ψ̂±, (12)

where lR = NH/fπ is the internal Rossby deformation radius for a QG259

system. However, in section 3, we assume that lR is not a fixed constant260

(QG value) but takes the value of NH/
√
q̄ξ̄π for an AB system which varies261

so as to cover the wide range of the vertical interaction between VRWs.262

Under the radial boundary conditions (10), the second equation of (12) is263

inverted, and the disturbance stream function ψ̂± is expressed in terms of264

the Green function G(r, r′) and the disturbance PV q̂± as follows.265

ψ̂±(t, r) = −
∫ ∞

0

dr′ r′ G(r, r′)q̂±(t, r′), (13)

G(r, r′) = I

(
r′

lR

)
K

(
r

lR

)
for r′ < r,

and G(r, r′) = I

(
r

lR

)
K

(
r′

lR

)
for r < r′, (14)

where I(x) is the Bessel function of the first kind order 1, and K(x) of the266

second kind of order 1 (e.g., Abramowitz and Stegun 1964). The derivation267

of the Green function G is briefly described in Appendix A. Because of the268
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presence of dq/dr in the first equation of (12), which is expressed in terms269

of Dirac’s delta function in (7), and because of the null initial condition,270

the disturbance PV is also written in terms of Dirac’s delta function.271

q̂±(t, r) =
N∑
j=1

q̂±j (t)δ(r − rj). (15)

Substituting (7), (13), and (15) into the first equation of (12), gives the272

following governing equation.273

d

dt

(
rj q̂

±
j

)
± iωjrj q̂

±
j ∓ iqj

N∑
k=1

Gjkrkq̂
±
k = −U0

√
π

2
rjqj, j = 1, 2, · · · , N,

(16)

where ωj = ω(rj) and Gjk = G(rj, rk). Equation (16) is rewritten in a274

vector form.275

d

dt
|rq̂±(t)⟩ ± iΛ|rq̂±(t)⟩ = −U0

√
π

2
|rq⟩, (17)

where |rq̂±⟩ and |rq⟩ are column vectors whose jth components are rj q̂
±
j276

and rjqj, respectively, and Λ is an N ×N matrix whose (j, k)th component277

is given by278

Λjk = ωjδjk − qjGjk. (18)

2.4 Solution279

Under the null initial condition, the solution to (17) is given by the280

following formula.281
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|rq̂±(t)⟩ = −U0

√
π

2

N∑
n=1

e∓iλnt

∫ t

0

dt′ e±iλnt′
|rn⟩⟨ln|
⟨ln|rn⟩

|rq⟩, (19)

where λn (n = 1, 2, · · · , N) are the eigenvalues of the matrix Λ in (17), and282

|rn⟩ and ⟨ln| are the corresponding right and left eigenvectors, respectively283

(see Appendix C). ⟨ln|rn⟩ =
∑N

j=1 rnjlnj is the scalar product of ⟨ln| and |rn⟩,284

and |rn⟩⟨ln| is the dyadic product of |rn⟩ and ⟨ln|, which is an N×N matrix285

whose (j, k)th component is rnjlnk
. From the definition of the eigenvectors286

and eigenvalues287

Λ|rn⟩ = λn|rn⟩, n = 1, 2, · · · , N,

and the spectral decomposition of the identity matrix288

I =
N∑

n=1

|rn⟩⟨ln|
⟨ln|rn⟩

,

it is easily seen that (19) is indeed the solution to (17). Since the basic PV289

is monotonically decreasing with radius, there are no growing disturbances290

due to the barotropic instability (e.g., Gent and McWilliams 1986). As291

a result, the eigenvalues and the eigenvectors are all real. Since |rq⟩ is292

independent of time t, the integration in (19) with respect to t is easily293

performed to give294

|rq̂±(t)⟩ = ±iU0

√
π

2

N∑
n=1

1− e∓iλnt

λn

|rn⟩⟨ln|
⟨ln|rn⟩

|rq⟩. (20)

By the substitution of (20) into (15), and further into the second equation295

of (11), the solution in the physical space is obtained.296
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|rq(t, θ)⟩ = −U0

N∑
n=1

sin θ − sin(θ − λnt)

λn

|rn⟩⟨ln|
⟨ln|rn⟩

|rq⟩, (21)

where |rq(t, θ)⟩ is a column vector whose jth component is rjqj(t, θ), which297

is so defined that the disturbance PV q′(t, r, θ, z) is given by the following298

expression,299

q′(t, r, θ, z) =
N∑
j=1

qj(t, θ) cos
(πz
H

)
δ(r − rj). (22)

3. Dependence on the vertical interaction300

In this section, we consider how the solution depends on the strength of301

the vertical interaction (VI) between the VRWs.302

3.1 Vertical interaction and lR303

The last term −(1/l2R)ψ̂
± = −(fπ/NH)2ψ̂± on the RHS of the second304

equation of (12), which is derived from the last term (f 2/N2)∂2ψ′/∂z2 on305

the RHS of the second equation of (5), represents the VI between the VRWs.306

This is because the problem is reduced to a horizontally two dimensional307

one in the absence of that term. Specifically speaking, the VI becomes308

stronger (weaker) for a smaller (larger) lR. Here and hereafter, based on309

the similarity between the AB (1) and the quasigeostrophic equations (5),310

we assume that lR = NH/fπ is not a fixed constant and that lR takes the311
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value of NH/
√
q̄ξ̄π which varies so as to cover the wide range of the VI.312

VI between VRWs → ∞ as lR → 0,

VI between VRWs → 0 as lR → ∞.

In the present case of the first baroclinic vertical structure in (11), the313

horizontal circulation induced by the upper disturbance PV q′(z = H) is314

opposite-signed to that by the lower one q′(z = 0). The two tend to cancel315

each other. As lR decreases, that is, as the VI becomes stronger, the two316

cancel each other more strongly, and the horizontal circulation induced by317

the disturbance PV q′ is more and more suppressed. As a result, the retro-318

grade propagation angular velocity of the VRWs is reduced by the decrease319

in lR since the propagation is caused by the advection of the basic PV q by320

the horizontal circulation. In the limiting case of lR → 0, the retrograde321

propagation vanishes and the VRWs are simply cyclonically advected by322

the basic vortex angular velocity ω. On the other hand, in the opposite lim-323

iting case of lR → ∞, the retrograde propagation angular velocity becomes324

maximum.325

Retrograde propagation of VRWs → 0 as lR → 0

Retrograde propagation of VRWs → Maximum as lR → ∞

The simple cyclonic advection of the VRWs by the basic vortex angular326

velocity ω implies the absence of the horizontal interaction of the VRWs.327
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This is confirmed by the asymptotic form of the Green function introduced328

in (14).329

G(r, r′) → 1

2

lR√
rr′

exp

(
−|r − r′|

lR

)
→ 0 as lR → 0,

G(r, r) → 1

2
min

(
r

r′
,
r′

r

)
as lR → ∞.

The Green function G(r, r′) represents the horizontal interaction of the330

VRWs between r and r′, and decreases as lR decreases.331

3.2 Solution for lR → ∞332

In the case of lR → ∞ (though such a limit is difficult to defend when ap-333

plied to the real atmosphere or ocean), the VI between the VRWs vanishes.334

The horizontally two dimensional system on each level temporally evolves335

independently of the systems on the other levels. In the horizontally two336

dimensional system, the eigenvalue λn introduced in (19) becomes the basic337

vortex angular velocity ωn+1 at rn+1 (e.g., Ito and Kanehisa 2013),338

λn = ωn+1, n = 1, 2, · · · , N,

where the smallest eigenvalue λN = ωN+1 = 0 is the basic vortex angular339

velocity at rN+1 = ∞. The corresponding eigenvectors are presented in340

Appendix D. The mode with eigenvalue λN = 0 is a steady mode, which341

is called the pseudo mode. The existence of the pseudo mode is associated342

with the displacement of the origin of the coordinate system, or equivalently343
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with the displacement of the basic vortex by a small distance. In the present344

case, the pseudo mode is selectively forced by the steady environmental flow345

introduced in (4), that is, the scalar product ⟨ln|rq⟩ in (21) vanishes except346

for n = N .347

⟨ln|rq⟩ = 0 for n = 1, 2, · · · , N − 1.

Further, because of the steadiness, the pseudo mode resonantly interacts348

with the steady environmental flow, and the physical space solution (21)349

grows linearly in time,350

lim
lR→∞

|rq(t, θ)⟩ = −U0 lim
lR→∞

N∑
n=1

sin θ − sin(θ − λnt)

λn

|rn⟩⟨ln|
⟨ln|rn⟩

|rq⟩

= −U0 lim
lR→∞

sin θ − sin(θ − λN t)

λN

|rN⟩⟨lN |
⟨lN |rN⟩

|rq⟩

[⟨ln|rq⟩ → 0 for n ̸= N as lR → ∞]

= −U0t cos θ
|rN⟩⟨lN |
⟨lN |rN⟩

|rq⟩ [λN → 0 as lR → ∞]. (23)

351

As a result of the linear growth of the disturbance, the vortex is destroyed.352

The linear growth in (23) is simply a result of the vertically differential353

horizontal advection by the vertically sheared environmental flow.354

For lR <∞, the solution in (21) precesses (represented by sin(θ− λnt))355

about the downshear-left tilt equilibrium (represented by sin θ) instead of356

growing linearly in time. However, as lR becomes larger, the smallest eigen-357
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value λN > 0 in the denominator in (21) becomes smaller, and the amplitude358

of the precession becomes larger. The precession continuously changes into359

the linear growth. Therefore, for a finite but sufficiently large lR, regardless360

finite or infinite, the vortex is practically destroyed.361

For the disturbance PV at r = rj, that is, qj(t, θ) cos(πz/H)δ(r − rj)362

in (22), the radial displacement dj(t, θ, z) of the Iso-PV line at r = rj is363

estimated as364

dj(t, θ, z) =
qj(t, θ) cos

πz

H
qj

, j = 1, 2, · · · , N. (24)

For the linearly growing solution (23) for lR → ∞, the displacement in (24)365

becomes independent of radius r,366

dj(t, θ, z) = −U0t cos θ cos
πz

H
, j = 1, 2, · · · , N. (25)

An example of the linearly growing solution (23) is shown in Fig. 3 in terms367

of (25).368

369

370

371 Fig. 3
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3.3 Solution for lR → 0372

In the case of lR → 0, the VI between the VRWs becomes so strong that373

the retrograde propagation vanishes and the VRWs are simply cyclonically374

advected by the basic vortex angular velocity ω at each radius r. The375

simple advection implies the absence of the horizontal interaction between376

the VRWs, which is represented by the reduction of the Green function,377

G(r, r′) → 0 as lR → 0 ((A.6) in Appendix A). Because of the reduction of378

G, the matrix Λjk in (18) is reduced to a diagonal one as lR → 0,379

Λjk = ωjδjk. (26)

The eigenvalues λn of (26), and the jth components rnj and lnj of the380

corresponding right and left eigenvectors |rn⟩ and ⟨ln| are respectively given381

by382

λn = ωn, and rnj = δnj and lnj = δnj, n = 1, 2, · · · , N. (27)

The eigenvalues and eigenvectors in (27) are of course consistent with the383

simple advection by ω at each radius r. By the substitution of (27), the384

analytical solution (21) is reduced to the following simple form,385

qj(t, θ) = −U0

qj
ωj

{sin θ − sin(θ − ωjt)} , j = 1, 2, · · · , N. (28)

The second term on the RHS of (28) represents the simple advection by the386

basic angular velocity ωj at each radius rj. In a continuous model, the sim-387

ple advection implies the spiral wind up and resulting axisymmetrization. In388
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our discrete model, the spiral wind up or axisymmetrization does not exist389

since the solution in (28) is periodic and eventually recurs. However, some390

kind of pseudo-axisymmetrization occurs (see Appendix E) around the first391

term on the RHS of (28), which represents the downshear-left tilt equilib-392

rium. Because of this pseudo-axisymmetrization around the downshear-left393

tilt equilibrium, the vortex maintains the vertical coherence in spite of the394

presence of the vertically sheared environmental flow.395

For lR > 0, the analytical solution (21) precesses about the downshear-396

left tilt equilibrium. However, for small lR > 0, that is, for strong VI, the397

retrograde propagation of the VRWs is reduced and the cyclonic advection398

by the basic vortex is dominant. As a result, the VRWs are somewhat399

axisymmetrized by the radially differential advection by the basic angular400

velocity. Therefore, for a sufficiently small lR, whether zero or nonzero, the401

vortex maintains the vertical coherence by the pseudo-axisymmetrization402

around the downshear-left tilt equilibrium.403

For the simple advection solution (28) for lR → 0, the displacement of404

the Iso-PV line in (24) becomes405

dj(t, θ, z) = −U0

ωj

{sin θ − sin(θ − ωjt)} cos
πz

H
, j = 1, 2, · · · , N. (29)

An example of the simple advection solution (28) is shown in Fig. 4 in terms406

of (29).407

408
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409

410 Fig. 4

3.4 Solution for a moderate lR411

The analytical solution (21) precesses, which is represented by sin(θ −412

λnt), about the downshear-left tilt equilibrium, which is represented by413

sin θ. As stated in the above subsections, as lR increased, the amplitude414

of the precession increases, and the precession is continuously changed into415

the linear growth. While, as lR decreases, the advection by the basic vor-416

tex angular velocity becomes dominant, and the precession is continuously417

changed into the simple advection.418

precessing → linearly growing as lR → ∞

precessing → simple advection as lR → 0

For a moderate lR which is of the order of the horizontal length scale of419

the vortex, that is, for lR ∼ 100 km, the analytical solution (21) shows a420

genuine precession behavior. That is, the VRW at rj cyclonically moves421

with almost the same angular phase velocity C for any j = 1, 2, · · · , N .422

This almost form-preserving mode is called the quasi mode (QM). The QM423
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consists mainly of the Nth mode. For lR → ∞, the Nth mode is steady424

λ = 0, and is selectively excited by the sheared environmental flow. It425

grows linearly to destroy the vortex. While, for lR ∼100 km, the Nth mode426

is nonsteady λ > 0, and is dominantly excited by the sheared environmental427

flow. It constitutes the QM. Practically the QM cannot be distinguished428

from the Nth mode. Because of the precession of QM about the downshear-429

left tilt equilibrium, the vortex maintains the vertical coherence in spite of430

the presence of the vertically sheared environmental flow. An example of431

the genuine precession solution (21) for lR ∼ 100 km is shown in Fig. 5 in432

terms of the displacement dj(t, θ, z) of the Iso-PV line in (24).433

434

435

436 Fig. 5

The QM propagates retrograde, and is cyclonically advected by the basic437

vortex angular velocity ω. Since the cyclonic advection is dominant over the438

retrograde propagation, the QM moves cyclonically with a slower angular439

phase velocity C than the basic vortex angular velocity ω in the central440

region of the QM. Because of the slower cyclonic phase velocity C, there441

exists such a radius rc in the outer region that the angular phase velocity C442
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of the QM is equal to the basic vortex angular velocity ω there. This radius443

rc is called the critical radius for the QM.444

C = ω at r = rc critical radius.

If the jump of the basic PV q̄ at rc is negative, that is, q̄c = limε→0 {q̄(rc − ε)− q̄(rc + ε)} >445

0, then the horizontal circulation induced by the QM advects the basic PV446

q there, and then a retrograde propagating VRW is generated by the ad-447

vection there.448

q̄c > 0 at r = rc ⇒ VRW at r = rc.

Further, if the magnitude of the jump |q̄c| is small, then the retrograde449

propagation angular velocity of the VRW(r = rc) is small, and then the450

VRW(r = rc) is almost simply advected by the basic vortex angular velocity451

ω(r = rc) which is equal to the angular phase velocity C of the QM. That452

is, the phase difference between the VRW(r = rc) and the QM is nearly453

constant. Because of this, the VRW(r = rc) is successively enhanced by the454

horizontal circulation induced by the QM, and the VRW(r = rc) grows. If455

two waves are propagating in the opposite direction to each other and the456

phase difference is nearly constant, then both of them grow by the mutual457

amplification. In the present case, however, both the VRW(r = rc) and the458

QM are retrograde propagating (that is, propagating in the same direction),459

and then the growth of the VRW(r = rc) implies the damping of the QM460

(see Appendix F).461
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|q̄c| is small ⇒ nearly constant phase difference between VRW(r = rc) and QM

⇒ growth of VRW(r = rc)

⇒ damping of QM.

Therefore, in the presence of q̄c > 0 which is small in magnitude, the pre-462

cession is damped and the QM eventually approaches the downshear-left463

tilt equilibrium. This is called the critical radius damping of the QM. Also464

in our discrete model, the following conservation equation of wave activity465

is derived from the governing equation (16),466

d

dt

∫ 2π

0

dθ
N∑
j=1

r2j q̃
2
j

2q̄j
= 0

where rj q̃j = rj q̃j(t, θ) is the jth component of the time-dependent part of467

the solution in (21), that is,468

|rq̃(t, θ)⟩ = U0

N∑
n=1

sin(θ − λnt)

λn

|rn⟩⟨ln|
⟨ln|rn⟩

|rq̄⟩.

Because of the rigorous conservation of this wave activity, the growth at469

the critical radius implies the decay at the central radii. An example of the470

precession solution with the critical radius damping is shown in Fig. 6 in471

terms of the displacement dj(t, θ, z) of the Iso-PV line in (24).472

473
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475 Fig. 6

4. Diabatic effect476

In this section, we consider the diabatic effect on the evolution of the477

solution.478

4.1 Governing equation479

In order to examine the diabatic effect, that is, condensational heating480

and evaporative cooling, we consider the solution with lR being small and481

large (that is, the VI being strong and weak) in the central and outer re-482

gions, respectively. This is because the diabatic processes take place mainly483

in the central region, and to a first approximation the diabatic effect is ac-484

counted for by the reduction of the buoyancy frequency N . The reduction485

is roughly explained as follows. In the presence of diabatic heating/cooling,486

the linearized PV and thermodynamic equations are487 (
∂

∂t
+ ω̄

∂

∂θ

)
q′ +

dq̄

dr
u′ = f

∂ḃ

∂z
,(

∂

∂t
+ ω̄

∂

∂θ

)
b′ +N2w′ = ḃ,
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where ḃ represents the diabatic heating/cooling. Here we assume that the488

basic PV is not substantially changed by the introduction of diabatic heat-489

ing/cooling. Usually, the diabatic heating/cooling occurs in updrafts/downdrafts.490

So, it is assumed that491

ḃ = αN2w′,

where α(> 0) is, first of all, dependent on r because the diabatic processes492

mainly take place in the central region. So, we roughly assume α = α(r).493

Eliminating ḃ from the above three equations, and expressing q′ and b′ in494

terms of the stream function ψ′, gives495

(
∂

∂t
+ ω̄

∂

∂θ

){
1

r

∂

∂r
r
∂

∂r
ψ′ +

1

r2
∂2ψ′

∂θ2
+

f 2

(1− α)N2

∂2ψ′

∂z2

}
− 1

r

dq̄

dr

∂ψ′

∂θ
= 0.

To this approximation, the equations of the disturbance PV q′ (5) are un-496

changed except that the buoyancy frequency N in the second equation is497

replaced with the moist one Ñ , which is reduced where the diabatic pro-498

cesses take place.499

q′ =

(
1

r

∂

∂r
r
∂

∂r
+

1

r2
∂2

∂θ2
+
f 2

Ñ2

∂2

∂z2

)
ψ′.

The equations of the disturbance PV q̂± (12), which are derived from (5),500

are also unchanged except that the internal Rossby deformation radius lR =501

NH/fπ in the second equation of (12) is replaced with the moist one l̃R =502

ÑH/fπ, which is reduced where the diabatic processes take place.503
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q̂± =

(
1

r

∂

∂r
r
∂

∂r
− 1

r2
− 1

l̃2R

)
ψ̂±. (30)

Besides the diabatic effects, that is, besides the reduction of N , the internal504

Rossby deformation radius lR = NH/
√
qξπ in the AB model is small and505

large in the central and outer regions, respectively. This is because both506

q and ξ are large in the central region, and small in the outer region. For507

a usual tropical cyclone, q̄, ξ̄ ∼ a few 10−3 s−1 in the central region, and508

10−3 s−1 > q̄, ξ̄ > 10−4 s−1 in the outer region. As a result, the governing509

equation (16), which is derived from the first equation of (12), is also un-510

changed except that the Green function Gjk = G(rj, rk) is replaced with511

the moist one G̃jk = G̃(rj, rk).512

d

dt

(
rj q̂

±
j

)
± iωjrj q̂

±
j ∓ iqj

N∑
k=1

G̃jkrkq̂
±
k = −U0

√
π

2
rjqj, j = 1, 2, · · · , N,

The moist Green function G̃ is obtained by inverting (30) under the radial513

boundary conditions (10) in the same way as the Green function G which514

is obtained by inverting the second equation of (12). The derivation of the515

moist Green function G̃ is briefly described in Appendix A. The equation in516

the vector form (17) is also unchanged except that the matrix Λ is replaced517

with the moist one Λ̃.518

d

dt
|rq̂±(t)⟩ ± iΛ̃|rq̂±(t)⟩ = −U0

√
π

2
|rq⟩

with519

Λ̃jk = ωjδjk − qjG̃jk. (31)
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4.2 Solution520

The closed form solution (21) is also unchanged except that the eigen-521

values λn and the right and left eigenvectors |rn⟩ and ⟨ln| of the matrix Λ522

(18) are respectively replaced with the moist counterparts λ̃n, |r̃n⟩, and ⟨l̃n|,523

of the moist matrix Λ̃ (31).524

|rq(t, θ)⟩ = −U0

N∑
n=1

sin θ − sin(θ − λ̃nt)

λ̃n

|r̃n⟩⟨l̃n|
⟨l̃n|r̃n⟩

|rq⟩. (32)

As an example, we consider a limiting case that the stratification is moist525

neutral Ñ → 0 implying l̃R → 0 in the central region 0 ≤ r ≤ rv = 50 km,526

and that the stratification is very strong Ñ → ∞ implying l̃R → ∞ in the527

outer region r > rv = 50 km. Of course, this is a crude approximation528

because the diabatic processes take place where the moist air is rising and529

are very complicated nonlinear processes. The evolution of the solution (32)530

is shown in Fig. 7 in terms of the displacement dj(t, θ, z) of the Iso-PV line531

in (24).532

533

534

535 Fig. 7

As is expected, the VRW is simply advected by the basic vortex angular536

velocity ω in the central region. While, contrary to the expectation for537
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the linear growth in time, the VRWs behave just like a quasi mode, and538

precess about the downshear-left tilt equilibrium in the outer region. In539

spite of Ñ → ∞ (that is, no VI) in the outer region, the vortex maintains540

the vertical coherence due to Ñ → 0 (that is, very strong VI) in the central541

region.542

543

5. Concluding remarks544

In this paper, we analytically investigated the vortex resiliency in the545

quasigeostrophic system. We considered vortex Rossby waves (VRWs) on546

a barotropic basic vortex, which were persistently forced by a vertically547

sheared environmental flow. The forced VRWs have the first baroclinic ver-548

tical structure, and the wave number one azimuthal structure. In order549

to obtain a closed form analytical solution of the VRWs, we assumed that550

the potential vorticity (PV) of the basic vortex is piecewise constant in the551

radial direction. Specifically, we examined the dependency of the evolution552

of the analytical solution on the strength of the vertical interaction (VI)553

between the VRWs. Since the VI becomes stronger (weaker) as the internal554

Rossby deformation radius lR becomes smaller (larger), the dependency on555

the strength of VI implies the dependency on lR. Although lR in the quasi-556

geostrophic system is a constant parameter, we assumed that lR takes the557
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typical value of lR in the AB system, which varies as the vortex flow varies,558

based on the similarity between the quasigeostrophic and AB equations.559

The results are summarized as follows.560

When lR ∼ l, where l ∼ 100 km is the horizontal scale of the vortex,561

the VI is moderate. In this case, the VRWs move just like a true form-562

preserving mode called the quasi mode. The quasi mode precesses about563

the downshear-left tilt equilibrium, which is a stable equilibrium because of564

the balance between the downshear advection by the environmental wind565

shear and the upshear advection by the horizontal circulation induced by566

the upper and lower PVs. The precession does not grow, and the vortex567

maintains the vertical coherence in spite of the presence of the vertical wind568

shear. In the presence of a small negative radial gradient of the basic PV at569

the critical radius of the quasi mode, the quasi mode damps and the vortex570

approaches the downshear-left tilt equilibrium state.571

As lR increases, the VI becomes weak, and the amplitude and angular572

phase velocity of the precession become large and small, respectively. When573

lR → ∞, the VI between the VRWs vanishes, and the VRWs on each574

level evolves independently of the VRWs on the other levels. This implies575

that the vortex is simply differentially advected by the vertically sheared576

environmental flow. As a result, the vortex is tilted, and the tilt grows577

linearly in time, and the vortex is eventually destroyed. Another way to578
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explain this behavior is as follows. When lR → ∞, a steady mode called579

the pseudo mode appears. The pseudo mode resonantly interacts with the580

steady environmental wind shear, and grows linearly in time, and eventually581

destroys the vortex. As lR increases, the precessing quasi mode with large582

amplitude and small angular phase velocity continuously changes into the583

linearly growing pseudo mode.584

As lR decreases, the VI becomes strong, and the cyclonic advection by585

the basic vortex flow becomes more and more dominant over the retrograde586

propagation of the VRWs. When lR → 0, the VI is so strong that the587

horizontal circulations induced by the lower and upper disturbance PVs,588

which are opposite-signed to each other, cancel each other. This implies that589

the retrograde propagation of the VRWs disappears, and that the VRWs590

are simply advected by the basic vortex flow at each radius. As a result, the591

VRWs are axisymmetrized to some extent by the simple advection by the592

basic vortex flow, and the vortex maintains the vertical coherence in spite593

of the presence of the vertical wind shear. As lR decreases, the precessing594

quasi mode under the radially differential cyclonic advection continuously595

changes into the simple advection of the VRWs.596

In order to examine the diabatic effects, we consider the solution with597

lR = NH/fπ being small and large (that is, the VI being strong and weak)598

in the central and outer regions, respectively. This is because the diabatic599
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processes take place mainly in the central region, and the diabatic effects are600

accounted for by the reduction of N to a first approximation. In particular,601

the case of N → 0 (the maximum VI) and N → ∞ (the null VI) respectively602

in the central and outer regions is examined. As expected, the VRWs in the603

central region are simply advected by the basic vortex flow, which means604

pseudo-axisymmetrization. While, contrary to the expectation for the linear605

growth destroying the vortex, the VRWs in the outer region behave just like606

a quasi mode precessing about the downshear-left tilt equilibrium. By the607

precession, the vortex maintains the vertical coherence. In spite of N → ∞608

(the null VI) in the outer region, the outer VRWs do not linearly grow but609

precesss due to N → 0 (the strong VI) in the central region, and the vortex610

is not destroyed.611

Besides the diabatic effects, that is, besides the reduction of N , the612

internal Rossby deformation radius lR = NH/
√
qξπ in the AB model is613

small and large in the central and outer regions, respectively. This is because614

both q and ξ are large in the central region, and small in the outer region.615

For a usual tropical cyclone, the central lR = NH/
√
qξπ < l ∼ 100 km, and616

the VI is strong in the central region. From this, we suppose the following.617

Because of the large
√
qξ (the strong VI) in the central region, the central618

VRWs are almost simply cyclonically advected by the basic vortex flow at619

each radius. This implies that the central region maintains the vertical620
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alignment of the downshear-left tilt equilibrium in spite of the presence of621

the vertical wind shear. Further, even if lR = NH/
√
qξπ > l ∼ 100 km622

(the VI is weak) in the outer region, the outer VRWs do not grow linearly623

in time, but precess about the downshear-left tilt equilibrium because of624

the central large
√
qξ (strong VI). As a result, the vortex can maintain the625

vertical coherence.626

Both the diabatic effects (central small N) and the radial distribution627

of vortex flow (large
√
qξ in central region) are supposed to contribute to628

the vortex resiliency. However weak the VI between the VRWs in the outer629

region is (however large the outer N is, and although the outer
√
qξ is630

relative small), the vortex can maintain vertical coherence because of the631

strong VI in the central region due to the small lR = NH/
√
qξπ there.632

633
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Appendix A638

Green function639

The Green function G(r, r′) in (13) is so defined that the invertibility640

equation in (12) and the boundary conditions (10) are satisfied. From the641

second equation of (12), the Green function G(r, r′) must satisfy642 (
1

r

∂

∂r
r
∂

∂r
− 1

r2
− 1

l2R

)
G(r, r′) = −1

r
δ(r − r′). (A.1)

For r ̸= r′, the solution to (A.1) is expressed as a linear combination of643

I(r/lR) and K(r/lR), where I(x) and K(x) are the first and second kind644

modified Bessel functions of order 1, respectively.645

G(r, r′) = aI

(
r

lR

)
+ bK

(
r

lR

)
for r ̸= r′ (A.2)

with some coefficients a and b, whose values for r < r′ are different from646

those for r > r′. Further, (A.1) implies the continuity of G(r, r′) and the647

discontinuity of ∂G(r, r′)/∂r at r = r′.648
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lim
ε→0

{G(r′ − ε, r′)−G(r′ + ε, r′)} = 0,

lim
ε→0

{[
∂G(r, r′)

∂r

]
r=r′−ε

−
[
∂G(r, r′)

∂r

]
r=r′+ε

}
=

1

r′
. (A.3)

While, from (10), the Green function G(r, r′) must satisfy649

lim
r→0

G(r, r′) <∞ and lim
r→∞

G(r, r′) → 0. (A.4)

Under the conditions (A.3) and (A.4), the coefficients a and b in (A.2) are650

determined to give the Green function,651

G(r, r′) = I

(
r′

lR

)
K

(
r

lR

)
for r′ < r,

and G(r, r′) = I

(
r

lR

)
K

(
r′

lR

)
for r < r′. (A.5)

The Green function G(r, r′) (A.5) asymptotically becomes652

G(r, r′) → 1

2

lR√
rr′

exp

(
−|r − r′|

lR

)
→ 0 as lR → 0, (A.6)

G(r, r) → 1

2
min

(
r

r′
,
r′

r

)
as lR → ∞. (A.7)

In subsection 4.2, the moist internal Rossby deformation radius l̃R is653

assumed to be piecewise constant in the radial direction,654

l̃R = l̃RA → 0 for r < rv, and l̃R = l̃RB → ∞ for r > rv. (A.8)

In this case, the equation for the moist Green function G̃(r, r′) is also given655

by (A.1) except that lR is replaced with l̃R,656
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(
1

r

∂

∂r
r
∂

∂r
− 1

r2
− 1

l̃2R

)
G̃(r, r′) = −1

r
δ(r − r′). (A.9)

For r ̸= r′, the solution to (A.9) is also expressed in the same form as (A.2),657

G̃(r, r′) = ãI

(
r

l̃R

)
+ b̃K

(
r

l̃R

)
for r ̸= r′. (A.10)

The coefficients ã and b̃ take different values in each case, r < r′ < rv, r <658

rv < r′, rv < r < r′, r′ < r < rv, r
′ < rv < r, rv < r′ < r. In addition to659

the continuity and discontinuity conditions (A.3) at r = r′, the continuity660

conditions up to the first derivative at r = rv are also required by (A.9).661

lim
ε→0

{
G̃(rv − ε, r′)− G̃(rv + ε, r′)

}
= 0,

lim
ε→0

{[
∂G̃(r, r′)

∂r

]
r=rv−ε

−

[
∂G̃(r, r′)

∂r

]
r=rv+ε

}
= 0. (A.11)

Under the conditions (A.3), (A.4), and (A.11), the coefficients ã and b̃ in662

(A.10) are determined to give the moist Green function G̃(r, r′) in the limit663

of l̃RA → 0 and l̃RB → ∞.664

G̃(r, r′) =
1

2
min

(
r

r′
,
r′

r

)
− 1

2

r2v
rr′

for r > rv and r′ > rv, (A.12)

G̃(r, r′) = 0 otherwise. (A.13)

In the central region r < rv where l̃RA → 0, the VI becomes maximum. As665

a result, the horizontal interaction in the central region, and between the666

central and the outer regions are absent, as is represented by (A.13). In667
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the outer region r > rv where l̃RB → ∞, the VI vanishes. However, the668

horizontal interaction there is not maximum, but is reduced by the strong669

VI in the central region, as is represented by the second term on the RHS670

of (A.12).671

Appendix B672

QG Green function and AB Green function673

The balance equation of AB system for disturbances of the first baro-674

clinic and azimuthal wave number one mode∝ eiθ cos(πz/H) on a barotropic675

axisymmetric basic vortex is given by676

q̂AB =

{
∂2

∂r2
+

1

r

(
1− r

d

dr
log |q̄ξ̄|

)
∂

∂r
− 1

r2
− 1

l2R

}
ψ̂ with

1

l2R
=

π2q̄ξ̄

N2H2
, (B.1)

where q̄ = f + ζ̄ = f + (1/r)(d/dr)(rv̄) and ξ̄ = f + 2ω̄ = f + 2(v̄/r) are677

the basic absolute vorticity and inertia parameter, respectively. Here we678

consider a basic vortex of Gauss type, that is, ζ̄ = ζ0e
−ar2 . Then679

q̄ = f + ζ0e
−ar2 , ξ̄ = f +

ζ0
ar2

(
1− e−ar2

)
. (B.2)

The Green function GAB(r, r
′) for the balance equation in (B.1) is numeri-680

cally calculated. This is shown as a function of r′ for a fixed r in Fig. B1681

and Fig. B2 and Fig. B3 together with the QG Green function GQG(r, r
′)682

which is calculated from the balance equation of QG system,683
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q̂ =

(
∂2

∂r2
+

1

r

∂

∂r
− 1

r2
− 1

l2R

)
ψ̂, (B.3)

where the last term f 2π2/N2H2 was replaced with 1/l2R = π2q̄ξ̄/N2H2.684

685

686 Fig. B1

Fig. B2

Fig. B3

The QG Green function GQG(r, r
′) is qualitatively similar to the AB Green687

function GAB(r, r
′), although GQG(r, r

′) overestimates the horizontal inter-688

action in the central region. The overestimation and the underestimation689

in the prognostic equation mitigate each other to some extent as shown by690

the graphs of {ξ̄(r)/q̄(r)}GAB(r, r
′).691

692

As shown in Fig. B1, GQG(r, r
′) and {ξ̄(r)/q̄(r)}GAB(r, r

′) are almost indis-693

tinguishable from each other for r = 50 km. This is because−r(d/dr) log |q̄(r)ξ̄(r)|694

is small and ξ̄(r)/q̄(r) is nearly equal to one for r ≲ 50 km as shown in695

Fig. B4 for the same parameter values as in Fig. B1. Also for r = 100 km,696

GQG(r, r
′) and {ξ̄(r)/q̄(r)}GAB(r, r

′) are very similar to each other (Fig. B2).697

698
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699 Fig. B4

While, as shown in Fig. B3, the underestimation in the prognostic equation700

becomes somewhat dominant for r = 150 km. This is primarily because701

ξ̄(r)/q̄(r) becomes evidently larger than one for r ≳ 150 km. Although the702

underestimation becomes much more dominant for r = 200 km (not shown),703

GQG(r, r
′) and {ξ̄(r)/q̄(r)}GAB(r, r

′) are not so seriously different from each704

other for r ≲ 150 km. In particular, in the central region of r ≲ 100 km,705

GQG(r, r
′) and {ξ̄(r)/q̄(r)}GAB(r, r

′) are practically the same.706

Appendix C707

Eigenvalues and eigenvectors708

For the N ×N matrix Λ in (18), the eigenvalues λn, right eigenvectors709

|rn⟩, and left eigen vectors ⟨ln| (n = 1, 2, 3, · · · , N) are so defined that710

Λ|rn⟩ = λn|rn⟩, ⟨ln|Λ = λn⟨ln|, n = 1, 2, 3, · · · , N. (C.1)

Here |rn⟩ =



rn1

rn2

·

rnN


is anN -component column vector, and ⟨ln| =

[
ln1 ln2 · lnN

]
711
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is an N -component row vector. The scalar product of ⟨ln| and |rm⟩, which712

is a scalar, is denoted as ⟨ln|rm⟩,713

⟨ln|rm⟩ =
[
ln1 ln2 · lnN

]


rm1

rm2

·

rmN


=

N∑
j=1

lnjrmj.

The dyadic product of |rn⟩ and ⟨lm|, which is an N ×N matrix, is denoted714

as |rn⟩⟨lm|,715

|rn⟩⟨lm| =



rn1

rn2

·

rnN


[
lm1 lm2 · lmN

]
=



rn1lm1 rn1lm2 · rn1lmN

rn2lm1 rn2lm2 · rn2lmN

· · · ·

rnN lm1 rnN lm2 · rnN lmN


.

They satisfy the associative law, that is, (|rn⟩⟨lm|) |rl⟩ = |rn⟩ (⟨lm|rl⟩) =716

|rn⟩⟨lm|rl⟩. On the assumption of no degeneration of eigenvalues (indeed, it717

can be shown that the QG model used here has no degenerate eigenvalues),718

from the definition (C.1), the eigenvectors satisfy the following orthogonality719

relation.720

⟨ln|rm⟩ = 0 if n ̸= m. (C.2)
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Proof721

Λ|rm⟩ = λm|rm⟩ [the first equation of (C.1)] ⇒ ⟨ln|Λ|rm⟩ =722

λm⟨ln|rm⟩.723

⟨ln|Λ = λn⟨ln| [the second equation of (C.1)] ⇒ ⟨ln|Λ|rm⟩ =724

λn⟨ln|rm⟩.725

⇒ λm⟨ln|rm⟩ = λn⟨ln|rm⟩ ⇒ (λn−λm)⟨ln|rm⟩ = 0 ⇒ ⟨ln|rm⟩ =726

0 if λn ̸= λm727

⇒ ⟨ln|rm⟩ = 0 if n ̸= m [no degeneration].728

Q.E.D.729

730

The identity matrix I can be decomposed in terms of the eigenvectors as731

follows.732

I =
N∑

n=1

|rn⟩⟨ln|
⟨ln|rn⟩

. (C.3)

Proof733

Any column vector |a⟩ is decomposed in terms of the right eigenvectors |rn⟩734

as |a⟩ =
N∑

n=1

Cn|rn⟩ with some coefficients Cn.735

⇒ ⟨lm|a⟩ =
N∑

n=1

Cn⟨lm|rn⟩ = Cm⟨lm|rm⟩ [(C.2)] ⇒ Cn =
⟨ln|a⟩
⟨ln|rn⟩

736

⇒ |a⟩ =
N∑

n=1

⟨ln|a⟩
⟨ln|rn⟩

|rn⟩ =
N∑

n=1

|rn⟩
⟨ln|a⟩
⟨ln|rn⟩

=
N∑

n=1

|rn⟩⟨ln|
⟨ln|rn⟩

|a⟩ [associative law]737
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⇒
N∑

n=1

|rn⟩⟨ln|
⟨ln|rn⟩

= I [ |a⟩ is arbitrary].738

Q.E.D.739

740

The N ×N matrix Λ is decomposed in terms of the eigenvalues and eigen-

vectors as follows.

Λ =
N∑

n=1

λn
|rn⟩⟨ln|
⟨ln|rn⟩

. (C.4)

Proof741

Λ = ΛI = Λ
N∑

n=1

|rn⟩⟨ln|
⟨ln|rn⟩

[(C.3)]742

=
N∑

n=1

Λ|rn⟩⟨ln|
⟨ln|rn⟩

=
N∑

n=1

λn
|rn⟩⟨ln|
⟨ln|rn⟩

[(C.1)].743

Q.E.D.744

Appendix D745

Eigenvalues and eigenvectors for lR → ∞746

In the limiting case of lR → ∞, the Green function Gjk = G(rj, rk) in747

the matrix Λ given in (18),748

Λjk = ωjδjk − qjGjk, (D.1)

becomes749

Gjk =
1

2
min

(
rj
rk
,
rk
rj

)
(D.2)
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which is derived from (A.7). While, the basic vortex angular velocity ωj =750

ω(rj) is given by751

ωj =
1

2

j−1∑
k=1

qk

(
rk
rj

)2

+
1

2

N∑
k=j

qk (D.3)

which is derived from (8). The eigenvalues λn, n = 1, 2, · · · , N , of the752

matrix Λ are given by753

λn = ωn+1, (D.4)

where ωN+1 = ω(rN+1) = ω(∞) = 0. The corresponding right and left754

eigenvectors, |rn⟩ and ⟨ln|, are respectively given by755

rnj = rjqj for 1 ≤ j ≤ n, n = 1, 2, · · · , N − 1,

rnn+1 = −
n∑

k=1

qkr
2
k

rn+1

, n = 1, 2, · · · , N − 1,

rnj = 0 for n+ 2 ≤ j ≤ N, n = 1, 2, · · · , N − 1,

rNj = rjqj for 1 ≤ j ≤ N, (D.5)

and756

lnj = rj for 1 ≤ j ≤ n, n = 1, 2, · · · , N − 1,

lnn+1 = −
n∑

k=1

qkr
2
k

qn+1rn+1

, n = 1, 2, · · · , N − 1,

lnj = 0 for n+ 2 ≤ j ≤ N, n = 1, 2, · · · , N − 1,

lNj = rj for 1 ≤ j ≤ N. (D.6)
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By the substitution of (D.1), (D.2), and (D.3), we can see that the eigenval-757

ues given in (D.4) and the eigenvectors given (D.5) and (D.6) indeed satisfy758

the following eigenequations,759

N∑
k=1

Λjkrnk = λnrnj and
N∑
j=1

lnjΛjk = λnlnk, n = 1, 2, · · · , N. (D.7)

By the substitution of (D.6), we can see that the scalar product ⟨ln|rq⟩ in760

the analytical solution (21) vanishes except for n = N .761

⟨ln|rq⟩ =
N∑
j=1

lnjrjqj = 0 for n = 1, 2, · · · , N − 1. (D.8)

That is, the pseudo mode with λN = 0 is selectively forced by the environ-762

mental flow.763

Appendix E764

Pseudo-axisymmetrization in the discrete model765

After Reasor and Montgomery (2001), we defined the following position766

of vorticity center.767

x̄(t) =

∫ 2π

0

dθ

∫ ∞

0

drrxζ∫ 2π

0

dθ

∫ ∞

0

drrζ

, ȳ(t) =

∫ 2π

0

dθ

∫ ∞

0

drryζ∫ 2π

0

dθ

∫ ∞

0

drrζ

, (E.1)

where ζ = ζ̄ + q′, and ζ̄ = ζ̄(r) = q̄(r) − f is the basic vorticity given in768

(6), and q′ = q′(t, r, θ, z) is the disturbance vorticity given in (21) and (22).769

Substituting (6), (21), and (22) into the denominator in (E.1) gives770
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∫ 2π

0

dθ

∫ ∞

0

drrζ = π

N∑
j=1

r2j q̄j = π⟨l∞N |r∞N ⟩. (E.2)

Here ⟨l∞N | = limlR→∞⟨lN | and |r∞N ⟩ = limlR→∞ |rN⟩, and we used (D.5) and771

(D.6) in Appendix D. In the same way, the numerators in (E.1) are given772

by773

∫ 2π

0

dθ

∫ ∞

0

drrxζ = −πU0

N∑
n=1

⟨l∞N |rn⟩⟨ln|r∞N ⟩
⟨ln|rn⟩

sinλnt

λn
cos
(πz
H

)
,

∫ 2π

0

dθ

∫ ∞

0

drryζ = −πU0

N∑
n=1

⟨l∞N |rn⟩⟨ln|r∞N ⟩
⟨ln|rn⟩

1− cosλnt

λn
cos
(πz
H

)
. (E.3)

Dividing (E.3) by (E.2) gives the position of vorticity center,774

x̄(t) = −U0

N∑
n=1

⟨l∞N |rn⟩⟨ln|r∞N ⟩
⟨l∞N |r∞N ⟩⟨ln|rn⟩

sinλnt

λn
cos
(πz
H

)
,

ȳ(t) = −U0

N∑
n=1

⟨l∞N |rn⟩⟨ln|r∞N ⟩
⟨l∞N |r∞N ⟩⟨ln|rn⟩

1− cosλnt

λn
cos
(πz
H

)
. (E.4)

In the case of lR → ∞, ⟨ln|r∞N ⟩ = 0 if n ̸= N and λN = 0. So, as is expected,775

the position in (E.4) becomes x̄(t) = −U0t cos (πz/H) and ȳ(t) = 0 which776

represents the simple differential advection by the sheared environmental777

flow in (4).778

In the case of lR → 0, rnj = lnj = δnj and λn = ω̄n. So, the position in779

(E.4) becomes780
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x̄(t) = U0

N∑
n=1

r2nq̄n
⟨l∞N |r∞N ⟩

sinλnt

λn
,

ȳ(t) = U0

N∑
n=1

r2nq̄n
⟨l∞N |r∞N ⟩

1− cosλnt

λn
, (E.5)

apart from the vertical dependence − cos(πz/H). From (E.5), we define781

the following distance from the oscillation center (downshear-left tilt equi-782

librium) (x0, y0) = (0, U0

∑N
n=1 λ

−1
n r2nq̄n/⟨l∞N |r∞N ⟩)783

D(t) =
√
{x̄(t)− x0}2 + {ȳ(t)− y0}2. (E.6)

Decreasing D(t) in (E.6) implies the symmetrization about the oscillation784

center. The temporal evolution of D(t) for the basic vortex BV1 of N = 3785

in Fig. 1 is shown in Fig. E1 together with that for another basic vortex786

BV3 of N = 12 (region 0 < r < 175 km is divided into 12 subregions).787

788

789 Fig. E1

For the basic vortex BV1, the distance D(t) decreases during the initial790

period 0 ≤ t ≲ 12000 s. As N increases, the initial decreasing period791

becomes longer.792
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Appendix F793

Explanation for the decay of QM794

In the case without critical radius, the QM in our model is nearly equal795

to the Nth mode. For lR → ∞, the Nth mode becomes steady λN → 0.796

By the sheared environmental flow, only the steady Nth mode is excited797

and grows linearly in time, resulting in the destruction of the vortex. For798

a finite large lR, the Nth mode, which is nonsteady λN > 0, is dominantly799

excited by the sheared environmental flow. The Nth mode is the main800

component of the QM. Practically, the QM cannot be distinguished from801

the Nth mode. The QM, which is nearly equal to the Nth mode, does not802

grow (or decay) in spite of the presence of the sheared environmental flow.803

In the case with critical radius, and for a finite large lR, the Nth and804

(N−1)th modes are dominantly excited by the sheared environmental flow.805

The two modes are the main components of the QM as schematically shown806

in Fig. F1. The Nth and (N−1)th modes are of the same sign at the central807

radii, and of the opposite sign at the critical radius (left figure). Because of808

this, and because of their different angular phase velocities λN−1 > λN > 0,809

the decay at the central radii and the growth at the critical radius ensue810

(right figure), subsequently followed by the regrowth at the central radii811

and the decay at the critical radius, and so on.812
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813

814 Fig. F1

As for the growth at the critical radius and the decay at the central radii,815

we rely on the following simple reasoning, schematically shown in Fig. F2.816

Let the basic PV jumps q̄a at ra and q̄b at rb(> ra) be of the same sign,817

say positive (toward the center). The same positive sign implies that both818

Wa=VRW(r = ra) and Wb=VRW(r = rb) (if exist) propagate retrograde.819

Let us assume an initial Wa (left figure). The horizontal circulation induced820

by Wa advects the basic PV at rb, and then generates Wb (middle figure).821

The phase difference of the original Wa and the generated Wb is π/2. If822

the phase difference is kept nearly constant, then the horizontal circulation823

induced by Wa continues to enhance Wb, resulting in the growth of Wb.824

As the amplitude of Wb becomes large, the horizontal circulation induced825

by Wb becomes strong. The strong horizontal circulation induced by Wb826

advects the basic PV at ra, resulting in the damping of Wa (right figure).827

828

829 Fig. F2
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List of Figures874
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3 The analytical solution on z = H for lR → ∞ and U0 =880

5 m s−1. BV1 is assumed. The temporal evolution of the881

VRWs is represented by the solid curves. The dashed circles882

are the Iso-PV lines of BV1. The VRWs grow linearly in time883

(pseudo mode) and the vortex cannot maintain the vertical884

coherence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60885

4 As in Fig. 3, except that lR → 0. The VRW at each ra-886
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Fig. 1. The PVs q = q(r) in units of 10−3 s−1 of the assumed basic vortices,
BV1 and BV2. BV1 is assumed in Figs. 3, 4, 5, and 7. BV2 is assumed
in Fig. 6.
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Fig. 2. The angular velocities ω = ω(r) in units of 10−3 s−1 of BV1 and BV2.
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Fig. 3. The analytical solution on z = H for lR → ∞ and U0 = 5 m s−1.
BV1 is assumed. The temporal evolution of the VRWs is represented
by the solid curves. The dashed circles are the Iso-PV lines of BV1.
The VRWs grow linearly in time (pseudo mode) and the vortex cannot
maintain the vertical coherence.
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Fig. 4. As in Fig. 3, except that lR → 0. The VRW at each radius rj is
simply advected by ω(rj) and precesses about the downshear-left tilt
equilibrium.

.
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Fig. 5. As in Fig. 3, except that lR = 100 km. The VRWs move with nearly
the same angular phase velocity and precess about the downshear-left
tilt equilibrium with preserving the form.
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Fig. 6. As in Fig. 3, except that lR = 100 km and that BV2 is assumed
instead of BV1. BV2 has a PV jump q4 > 0 at the critical radius
rc, which is the outermost radius, where the angular phase velocity of
the quasi mode is equal to ω(rc). By the critical radius damping, the
quasi mode damps to the downshear-left tilt equilibrium, accompanied
with the growth of the disturbance at rc. The damping quasi mode is
represented by the inner three solid curves. The growing critical radius
disturbance is represented by the outermost solid curve.
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Fig. 7. As in Fig. 3, except that lR → 0 for 0 ≤ r ≤ rv = 50 km and that
lR → ∞ for r > rv. The innermost VRW is simply advected by ω(r1).
The outer VRWs at outer two radii behave just like a precessing quasi
mode. By the precession, the vortex maintains the vertical coherence.
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Fig. B1. Example of GQG(r, r
′), GAB(r, r

′), and {ξ̄(r)/q̄(r)}GAB(r, r
′), for

a = 5 × 10−11 m−2, ζ0 = 1.2 × 10−3 s−1, f = 10−4 s−1, N = 10−2 s−1,
H = 104 m, and r = 50 km.
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Fig. B2. As in Fig.B1 except for r = 100 km.
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Fig. B3. As in Fig.B1 except for r = 150 km.
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Fig. B4. The graphs of −r(d/dr) log |q̄ξ̄|,ξ̄/q̄, and lR/(100 km) for the same
parameter values as in Fig.B1.

68



Fig. E1. Temporal evolution of D(t) for BV1 of N = 3 and for BV3 of
N = 12.

69



rp p p
central radii critical radius

c c cs s

s

u u

u rp p p
central radii critical radius

c c c

s s

s
u u

u

cNth mode s(N − 1)th mode uNth mode + (N − 1)th mode

Fig. F1.
Left Nth(◦) and (N − 1)th(•) modes are in phase at central radii.
Right Nth(◦) and (N − 1)th(•) modes are in anti-phase at central radii.
From Left to Right Perturbations(•) at central and critical radii, respec-
tively, decay and grow.
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Fig. F2. The sinusoidal curves represent VRWs at ra and rb (rb > ra > 0). The +
and − signs represent the positive and negative vorticity perturbations, re-
spectively. The vertical arrows represent the horizontal circulations induced
by the vorticity perturbations.
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